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SOME RESULTS IN THE THEORY OF QUASILINEAR SPACES 


HACER BozkuRT| ©]: AND YILMAZ yitmaz| ©| 


ABSTRACT. In this study, we present some new consequences and exercises of homogenized 
quasilinear spaces. We also research on the some characteristics of the homogenized quasi- 
linear spaces. Then, we introduce the concept of equivalent norm on a quasilinear space. 
As in the linear functional analysis, we obtained some results with equivalent norms defined 


in normed quasilinear spaces. 


Keywords: Quasilinear space, Normed quasilinear space, Inner product quasilinear space, 


Homogenized quasilinear space, Equivalent norms. 
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1. INTRODUCTION 


In the 1986, Aseev presented the quasilinear spaces and normed quasilinear spaces 
which are generalization of linear spaces and normed linear spaces, respectively. The biggest 
difference between quasilinear space and linear space is that it has a partial order relation. He 
gave some properties and some results which are quasilinear provisions of some conclusions 
in classical linear functional analysis. Later, in [1], he presented the some new concepts in 
normed quasilinear spaces. Further, in ([7], {10}, [11], [12], [2], [9], [8] etc.), they have proposed 
a series of new concepts and new results of quasilinear spaces. In [7], they introduced the 


concept of proper quasilinear space which is a new notion of quasilinear functional analysis. 
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In the same study, they presented concept of dimension of a quasilinear space which are 
very meaningful to improvement of quasilinear algebra. 

In the light of all these studies, in [6], we extended the notion of inner product spaces to 
the quasilinear conditions. After giving this new definition, we obtained some new concepts 
on inner product quasilinear spaces such as Hilbert quasilinear spaces and some orthogonality 
concepts. Further, in [6], we examined the sample of quasilinear spaces ” JIR"” interval space 
and we presented the quasilinear spaces Is, Ico, Ilj5, and Ilg. Also, we have studied to clarify 
geometric properties of inner product quasilinear spaces in [13]. Furthermore, we tried to 
enlarge the results in quasilinear functional analysis in [3], [4] and [5]. 

In this paper, we present some new conclusions of homogenized quasilinear space. Also, we 
obtain some results with considerable advantages about features of homogenized quasilinear 
spaces. Furthermore, we obtain some results with equivalent norms in a normed quasilinear 


space. 


2. PRELIMINARIES 


In this section, we give some definitions and results on quasilinear spaces given by Aseev 


. 


Definition 2.1. A quasilinear space over a field R is a set Q with a partial order relation 
”<” with the operations of addition Q x Q > Q and scalar multiplication R x Q > Q 
satisfying the following conditions: 

(QI) qq, 

(Q2axz, ifaxw andw Xz, 

(Q3) q=w, ifqxw andw xq, 

(Q4)q+w=wr+g, 

(Q5) q+ (wt+z)=(q+w) +z, 

(Q6) there exists an element 6 € Q such that q+0=4q, 

(Q7) a- (8+ q) = (a- B)-4, 

(Q8) a: (q+w)=a-qta-w, 

(Q9) 1-q=4, 

(Q10) 0-q=8, 

(Q11) (a+ B)-qaa-qtB-q, 

(Q12)q+z2xwtu, ifqxw andz Xv, 


(Q1I3)a-qra-u, ifgxw 
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for every q,w,z,v € Q and every a, 2 ER. 


The considerable instance which is a quasilinear space is the set of all closed intervals of 
R with the relation ” C”, algebraic sum operation M+ N={m+n:meM, n€ N} and 
the real-scalar multiplication \- M = {Am:m € M}. We indicate this set by Qc (R). Also, 
the set of all compact subsets of R is Q(R). 

Let @ be a quasilinear space and W C Q. Then W is called a subspace of Q, whenever W 
is a quasilinear space with the same partial order relation and the restriction of the operations 
on Q to W. An element gq € Q is said to be symmetric if —q = q, where —q = (—1)-q, and 


Qa denotes the set of all symmetric elements of Q. 


Theorem 2.1. W is a subspace of a quasilinear space Q if and only if, for every, q,w © W 
anda,BER,a-q+B-weW {[L. 


Definition 2.2. Let Q be a quasilinear space. A function ||.||g : Q —> R is named a 
norm if the following circumstances hold: 
Q1) \Ildllqg > 9 fa 49, 


la+ lla S llallg + llella: 


Z 


(N 
(NQ2) 

(NQ3) lla: allg = lel - lalla 

(NQ4) ifq xu, then lld|lg < llvlla: 
(NQ5) 


NQ5) if for any « > 0 there exists an element ge € Q such that, gq X w+q- and IIgellg <eé 


then q x w for any elements q,w € Q and any real number a € R. 


Let Q be a normed quasilinear space. Hausdorff metric on Q is defined by the equality 
ha(q,w) =inf{r>0:qxw+z,wigt 2%, lll <r}. 


Since g X w+ (q—w) and w x q+ (w —q), the quantity hg(q, w) is well-defined for any 


elements g,w € Q, and 


ha(q,w) < lla-wllg- 
Example 2.1. Let X be a Banach space. A norm on Q(X) is defined by 
Aloo = sup lal x - 
acA 


Then Q(X) and Q¢(X) are normed quasilinear spaces. The Hausdorff metric is described as 
ordinary: 


hoo(x)(A, B) =inf{r>0:ACB+S,(0), BCA+S,()}, 
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where S,(0@) demonstrates a closed ball of radius r about 0 € X [I]. 
Definition 2.3. Let Q be a quasilinear space, M CQ andme M. The set 
FM — {ze M,:z<m} 


is called floor in M of m. If M = Q, then it is called floor of m and written Fi, in place of 
FY iA: 


Definition 2.4. Let Q be a quasilinear space and M C Q. Then the set 


OP 
Fa 1) a 
meM 


is called floor in Q of M and is indicated by Fe [7]. 


Definition 2.5. Let Q be a quasilinear space. Q is called solid-floored quasilinear space 
whenever 

y =sup{m €Q,:mX y} 
for ally € Q. Other than, Q is called non solid-floored quasilinear space [7]. 


Example 2.2. Q(R) and Qc(R) are solid-floored quasilinear space. However, singular sub- 


space of Qc (R) is non-solid floored quasilinear space. For example, 


sup {m:m € ((Qc(R)), U {0}),, my} = {0} Ay 
for element y = [—2, 2] € (Qc(R)),U{O} . Also, we can not find any element m € ((Q¢(R)), U {0}),. 


such that m © z for z = [1,3] € (Q¢(R)), U {0}. 


Definition 2.6. Let Q be a quasilinear space. Consolidation of floor of Q is the smallest 
solid-floored quasilinear space Q containing Q, that is, if there exists another solid-floored 


quasilinear space W containing Q then QC W [73]. 


Q = Q for some solid-floored quasilinear space Q. Besides, Q¢(R") s = Qc(R"). For a 


quasilinear space Q, the set 


Fa = {ze (Q) :zay}. 


is the floor of Q in Q. 
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Definition 2.7. Let Q be a quasilinear space. A mapping ( , ): Q x Q > Q(R) ts called an 
inner product on Q if for any q,w,z © Q andaeR the following conditions hold: 
(IPQ1) If q,w € Qr then (q,w) € Qc(R)r = R, 


(IPQ2) (q+ w,z) © (g,2) + (w, 2), 

(IPQ3) (a-q,w) =a- (g,w), 

(IPQ4) (q,w) = (w, 4), 

(IPQ5) (q,q) > 0 for qg € X, and (q,q) =0Sq=0, 

(IPQ6) 4,¥)lloe) = sup {IIKa,5)llog :2€ Fede FR}, 

(IPQ7) ifq sw and uv then (q,u) C (w,v), 

(IPQ8) if for any ¢ > 0 there exists an element gz € Q such that q < w+ qe and 


(qe,9e) © Se (0) then g X w. 
A quasilinear space with an inner product is called an inner product quasilinear space [6]. 
Example 2.3. Qc(R), is an example of inner product quasilinear space with 
(A, B) = {ab:a€ A,beE B}. 
For any two elements qg,w of an inner product quasilinear space Q, we have 


Ka; @)llagey < Ilallg llvlla- 
Every inner product quasilinear space Q is a normed quasilinear space with the norm 
described by 


llall = 4/114; 2 loge) 


for every gq € Q. 


Definition 2.8. An element q of the inner product quasilinear space Q is said to be orthogonal 


to an element w € Q if 
l(a, logy = 9. 


From here, we can call that q and w are orthogonal and we show q | w [6]. 


An orthonormal set M C Q is an orthogonal set in @ whose elements have norm 1, that 
is, for every gq, we M 
0, q#w 
I<aw>lloa =) 1 qe=u- 
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Definition 2.9. A+, is called the orthogonal complement of A and is showed by 
At = {q€Q:[lla,wllag, =O. we Al. 


For any subset A of an inner product quasilinear space Q, A+ is a closed subspace of Q 


(6). 


Example 2.4. Let X = (X1,X9,...,Xn) € IR” and Y = (¥%,Y2,...,Yn) € IR". The 


algebraic sum operation on IR” is defined by 
X+Y =(X14+ Yi, X2+Vo,...,Xn + Yn) 
and multiplication by a real number a € R is defined by 
a: X =(a-X1,a-Xo,...,a: Xn). 
If we will be assumed that the partial order on IIR” is given by 
X<YSxX;,7~Y; l<i<n 


then IIR” is quasilinear space according to the above processes. Furthermore, different two 


norm on IR” are defined by 
|||] = (41, X2,---,Xn)|| = sup |Xillie 
1l<i<n 


and 


n 2 
2 
|X lo = (>: Ith 
i=1 
The quasilinear space IR”, with the inner product 


n 


(X,Y) = S (Xi, Yi) re 
4i=1 


is an inner product quasilinear space. 


The quasilinear spaces JR" and Qc¢(R") are different from each other. For instance; while 
the set A = {(q,w) Ci = 1} is element of Qc¢(R?), it is not element of JR?. Further, 
B = ([1,3], {4}) € JR? but B ¢ N¢(R?). Thus, JR” and Q¢(R") are two distinct instances 


of quasilinear spaces. 
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3. MAIN RESULTS 


In this section, we give the concept of homogenized quasilinear space by [5]. Then, we 


give new findings about this concept. 


Definition 3.1. Let Q be a quasilinear space. Q is called homogenized quasilinear space 


if for allq € Q and aG > 0 the following circumstance is satisfied: 
(a+ B)-q=a-qt+f-g. 


Obviously, every vector space is a homogenized quasilinear space. However, the inverse is 


false. 


Theorem 3.1. Qc¢(Q) is a homogenized quasilinear space for every normed quasilinear space 


Q. However, Q(Q) is not homogenized quasilinear space. 


Proof. Since Q¢(Q) is a quasilinear space, we have (a+ 8)-ACa-A+8-A from 
(Q11) for every A € N¢(Q). Now, we only prove the converse. Let a € a: A+(3- A for every 
A€Qc(Q). Then, we obtain 

a=a-q+fh-w 


for a g,w € A. From here, we can write 


a B 


a+ B ? a+ Bp 


there is two different cases since af > 0: 


Ift = 9 andk = 5, 


i) Ifa<a+ 6 fora,8 ER, then we get of, <1 and0< <4. 
ii) Ifa+B<afora,peER, then we get 1 > Sq and 0 < of. 


From i) and ii), we obtain 0 < t < 1. Further, clearly t+k = 1. According to the definition 


of convexity on quasilinear spaces, we get <* ae a 2 BZ We A. So, we show that 


a=(a+8)-zeEA 


forazeaA. 


Example 3.1. 2(R) is a non-homogenized quasilinear space. Consider the element A = 
{1,2,3} € Q(R). Clearly, 2-A = {2,4,6}. But A+A = {2,3,4,5,6}. Therefore2:-A #4 A+A 


fora=1 and B=1. This shows us that 0 (R) is not a homogenized quasilinear space. 


Theorem 3.2. Let Q be a homogenized inner product quasilinear space and q € Qq. Then 


there exists at least one w€ X such thatq=w—w. 
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Proof. We know that (a + 8)-w = a-w+-w for every w € Q anda, 8 € Rt. Further 
q = —q and q = q since q is a symmetric element of Q. Same time, we get g+q =q-gQ. 


From here, we obtain g = 4 — 4 since 2-¢ =q-—gq. This complete the proof. 


Proposition 3.1. Let Q be a homogenized quasilinear space and q € Q. Then Fy is conver 


subset of Q. 
Proof. Let Q be a homogenized quasilinear space. From Definition [2.3] we have 
LAGE Gna Sq) 


for aq € Q. Thus, we obtain 


axqandb~<q 

for every a,b € Fy. From (Q13), we have 

y:axy-qand (1—y)-bx(1—7)-q 
for every 0 x y X 1. Hence, 

q hoa) <b ay gb Cy) ag, 
Since, Q is a homogenized quasilinear space, 

earl ae= (l=) =" 
for every 0 x 7 x 1. Therefore, we get 

faa Lay) Ss Gg. 

Thus, y-a+(1—7)-b¢€ &. 


Remark 3.1. Floor of an element of an inner product quasilinear space Q is convex if and 
only if this inner product quasilinear space Q is homogenized. If Q is not homogenized in the 


Proposition 3.1, then Fy is not convex since (a+ 8)-qA#a-qtB-q. 


Example 3.2. IR” is a homogenized inner product quasilinear space. In |6|, we showed that 


IR” is an inner product quasilinear space with 


n 


(X, Y) = ~ (Xi, Yi) mr : 
$=] 
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For every X € IR” and a8 > 0, we can write 


(a+ B)-X = (a+ B)-(X1, Xa,...,Xn) 


— ((a+ B)-X1, (a+ B)- Xe2,...,(a +B): Xn). 
Then, we obtain 


(a+ B)-X 


(a-X,+6-X1,a-Xo+ 6+ Xo,...,a-Xn+ 6+ Xn) 


= (Oi Ki? Koes eh (Ny) LG Xa BY Xs. 0 Xe) 


a -X+8-X 
since IR is a homogenized quasilinear space. 


Example 3.3. All interval sequence spaces Is, all bounded interval sequence spaces Il, = 


{X = (X,) € IR™ : |(Xn)| < co} and all convergent interval sequence spaces 
Ico = {X = (Xn) € IR™ : (X,) OF 
are further example of homogenized quasilinear spaces. 


Before giving the equivalent norms on the qasilinear spaces, we will give an example to 


cartesian product of quasilinear spaces. 


Example 3.4. Let Q be the Cartesian product of quasilinear spaces Qj, Qo,...,Qn, that is, 


Q = Q1 X Q2 x... X Qn. The space Q is a quasilinear space with the algebraic sum operation 
(41,92) -+-54n) + (wi, W2, Wn) = (G1 + 1,42 + wW2+..+ dnt Wn), 
real scalar multiplication 
Q* (G1, 925 +5 n) = (H+ 1, + G2, ++, In) 
and order relation 
(Gig Qo cates Oy) Was Woy eee; ig) Gt SB Wy Ge SB W552205 ny Wy, 
for every (1, 92; ---Gn) , (W1, W2,---Wn) € Qi X Qe x... X Qn = Q. 


Example 3.5. Let Q and W be the normed quasilinear spaces with ||-||, and ||-||, , respectively. 


Define Q x W = {z =(q,w):¢€Q andweW}. The functions 


||2|| = max (Ilall, 5 ella) (3.1) 
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IZllo = Halla + lols (3.2) 


defines norms on Q x W. Then Q x W is normed quasilinear space. 


Proposition 3.2. Let ||-||, be a@ norm on quasilinear space Q and ||-||, be a norm on quasi- 
linear space W. From Example [3.5], we have Z = Q x W is normed quasilinear space with 
norms and (3.2). Let {(dn,Wn)} be sequence in Q x W. The following conditions are 
satisfied: 

i) The sequence {(dn,Wn)} is convergent to {(q,w)} in Z if and only if {qn} is convergent 
tog inQ and {wy} is convergent to w in W. 

ii) The sequence {(qn, Wn)} is Cauchy sequence in Z if and only if {dn} is Cauchy sequence 


in Q and {wy} is Cauchy sequence in W. 


Proof. Suppose that (dn,Wn) > (q,w) € Z. Then corresponding to each « > 0, 4 


no € N such that the following inequalities hold for n > no: 
(Gn, Wn) X (Gg, w) 1] 3 (g,w) X (dn, Wn) + 5 ns lla§ nll <. 
Here, af, = (Ons Cin) and a§,, = (05.n,C5,n) - Since Z is quasilinear space, we get 


Qn x G+ Oi ns qd a dn + b5 y, 


and 
iS WAC yy WA a 
Also, since| GQ n|| = max ( Din D Cn ) <e€or |la;,, Pa an , NG ; < €, we obtain 
bs ,||. <e and |Ic%,,||_ < € according to (3.1) and (3.2). This proves that the sequence {qn} 
eas a 


is convergent to q in Q and the sequence {w,,} is convergent to w in W. The opposite can be 
shown in a similar way. 
Let {(dn,; Wn)} be a Cauchy sequence in Z. For an arbitrary « > 0 there exists a ng € N 


such that 
(dns Wn) X (Gms Wm) + Gins (Im, Wm) X (QniWn) + Gn, lefnl| <€ 
for all m,n > no, and thus also 
Qn X Im t+ Fins Im X Int bon 


and 


Wn 2 Wnt Cin, Wm 3 Un t+ Cn: 
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Further, we obtain |/Of,,|) < ¢ and ||cj,, ; < € for two norms defined in (3.1 and (3.2) since 
| aj || < €. Now, let {qn} is Cauchy sequence in Q and {w,} is Cauchy sequence in W. Then 


for any € > 0 there exists a no € N such that 
dn Xdmt Bin, dm X dn t+ 05s OE nll, S€ 


and 
Qn 3 dmt+ Cnr Im 3 Ont Cons eens S€ 
for all n,m > no. Since Q and W are quasilinear space, we get 
(dn;Wn) (am + Bi ny Wm + Cie = (Gm, Wm) + (a Cin) ) 
(Gm, Wm) X (dn +55n,Wn+ Cin) = (dns Wn) + (Bins Cn) - 
€ 


Consequently, we obtain IG cs ) 


Lent “Lyn 


| < € because ||b§,, 
? 


| < e and 
1 


Cs | <e. This com- 
Milo 


pletes the proof. 


Theorem 3.3. Let Q1,Qo,...,Qn be Banach quasilinear spaces over the same scalar field R 
with norm |\-||; (1 <i <n), respectively. Then the product space Q = Q1 x Q2 x ... X Qn is 


Banach quasilinear space with norm 


all = max. (lala) 


Proof. Let q* = ((at, 43, ong) ; (a7 ,05, siege) stats Creeee “ar ) ; =) be a Cauchy 
sequence in Q. For € > 0, there exists a number ng such that for k,m > no there are 


elements a{,,, 5, € @ for which 
(af, af,..., ak) x (GP, 98s On) + (48) 1 ems 
k ok k 
(Gi'sGa ss, ) x (ai, a3,-.-, ah) + (4i)9. bm? 


taal < « 


From here, we get 


= k m 
= max |q; — q; 


k Wk k 
| (ata, sah) — (Q1", Go's 5G) eee 


|. 0 
a 


(k,m — oo). Hence, Il ar _ a" ||, — 0 for every 1 <7 <n when k,m — oo. This proves that 
the (qf) is a Cauchy sequence in Q; for every 1 <i <n. Since Q; is Banach, (q*) converges 
to a q in Qi, (k > oo). Note that this implies that for « > 0 there exists a no such that for 


k>no: 


Pigtlaic, Gak+aloe, — fladsall <« 
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for every 1 <i =< n. Since 


k 
a* - al| = | (at. a8) = (Oi. Woyncdn,) | 
= ko. 
= max ([[o al) 
=< ., 


we have g* + q € Q,(k  o«). Consequently, Q is Banach quasilinear space. 


Proposition 3.3. If Q1, Qo,..-,Qn are solid-floored quasilinear space then Q = Q1 X Qo x 


.. X Qn is solid-floored quasilinear space. 


Proof. Let Q; is solid-floored quasilinear space for every 1 < i < n. From the 


Definition [2.5] we have 
gi = sup {wi € (Qi), 1 Wi X Gi} 
for every qi € Q;. Since Q is a quasilinear space, we obtain 
(wi, W225 +55 Wn) n (1, G2, +++) In) 
such that (wj, we,...,Wn) = w € Q, and (q1, 2, ---; dn) = q € Q. From here, we have 
q= sup {(w1, we, tees Wn) EQ;: (wy, we, snag Oy) x (q1, q2, ie ia) | . 


Now, we introduce the concept of equivalent norms on the same quasilinear space. Also, 
we concentrate on the Hausdorff metric properties for two equivalent norms that are defined 


on a quasilinear space. 


Definition 3.2. A norm ||-|| on a normed quasilinear space Q is said to be equivalent to a 


norm ||-||) on Q if there are positive real numbers a and b such that for all qg € Q we have 
alldllo < llall < llallo- 


Example 3.6. The following norms on IIR? = {(X1, X2) : X1, X2 € Nc (R)} are equivalent: 


(zy) = lel +Ilyll 


(a, whi max {|[a'] , |lyll} - 


Theorem 3.4. Let Q be a quasilinear space and ||-|| and ||-||, be equivalent norms on Q. The 
sequence {qn} is convergent to q in normed quasilinear space (Q,||-||) if and only if {qn} is 


convergent to q in (Q,||-||,)- 
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Proof. Suppose that {q,}— q in normed quasilinear space (Q, ||-||) . Then for every 


€ > 0 there exists an N € N such that: 
madt+din ISantdn legal < ar 
Vn > N and M €N?. Since the norms ||-|| and ||-||, are equivalent, we have 
laf nll = M |[¢nl| Se. 


Hence {qn} — ¢ in (Q,||-||,)- 


Conversely, let {qn} — ¢ in (Q,|]-||,). Then for every € > 0 there exists an index N such 
that 


Qn X4+4i n> G3 + Bons ae nll, Se 


Vn > N. Since the norms are equivalent, we get 
mllall < llall Se 


Hence, {gn} is convergent to g in (Q,||-||) . 


Theorem 3.5. Let Q be a quasilinear space and ||-|| and ||-||, be equivalent norms on Q. The 
sequence {qn} is Cauchy sequence in normed quasilinear space (Q,||-||) if and only if {qn} is 


Cauchy sequence in (Q,||-||,)- 


Proof. Let {qn} be a Cauchy sequence in (Q, ||-|]). For an arbitrary ¢ > 0 there exists 


a no € N such that 


dn X Im + Qi ms dm X Gn + Qn I]a§ nll = a 


é 


Qin <e. This 


,<™| 
1 


for all n,m > no. Similar way to the above theorem, we obtain | CF n 


proves that the sequence {qn} is Cauchy sequence in (Q, ||-||,). The proof of opposite can be 


proved by similar way. 


Theorem 3.6. Let Q be a quasilinear space and ||-|| and ||-||, be equivalent norms on Q. 


(Q, ||-||) is complete if and only if (Q, ||-||,) 1s complete. 


Proof. Let (Q, ||-||) be a complete and ||-|| and |]-||, be equivalent norms on Q. If {qn} 


is a Cauchy sequence in (Q, ||-||,), then for an arbitrary « > 0 there exists a no € N such that 


Qn 3 dm + Oi ys dm X Gn + 5 ns ||2§ | = 
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for all n,m > no. From Theorem |3.5) we have {q,} is a Cauchy sequence in (Q, ||-||,). We 
obtain g, > q € Q from the completeness of (Q, ||-||) . From Theorem|3.4| we get {qn, nm € N} 
is convergent to q in (Q,||-||,) which proves completeness of (Q, ||-||,) . The converse can be 


proved similarly. 


Corollary 3.1. [f two norms ||-|| and ||-||) on a quasilinear space Q are equivalent, then 


|@n — q|| + 0 if and only tf \|dn — a\|o + 9 for any sequence (qn) in Q and any q € Q. 


If Q is finite dimensional normed quasilinear space, then any two norms on Q,. are equiv- 


alent since Q, is a normed linear subspace of Q. 


4. CONCLUSION 


In this paper, we define the notion of homogenized quasilinear space as a new concept in 
quasilinear spaces. We also research on the some properties of the homogenized quasilinear 
spaces. Then, we introduce the concept of equivalent norm on a quasilinear space. As in the 
linear functional analysis, we obtained some results related to equivalent norms defined in 


normed quasilinear spaces. 
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STABILITY OF CERTAIN NEUTRAL TYPE DIFFERENTIAL 
EQUATION AND NUMERICAL EXPERIMENT VIA DIFFERENTIAL 
TRANSFORM METHOD 


YENER ALTUN 


ABSTRACT. In this study, we obtain both the asymptotically stability and the numerical 
solution of first order neutral type differential equation with multiple retarded arguments. 
We first obtain sufficient specific conditions expressed in terms of linear matrix inequality 
(LMI) using the Lyapunov method to establish the asymptotic stability of solutions. Sec- 
ondly, we use the differential transform method (DTM) to show numerical solutions. Finally, 
two examples are presented to demonstrate the effectiveness and applicability of proposed 
methods by Matlab and an appropriate computer program. 

Keywords: Stability, Lyapunov method, LMI, DTM. 
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1. INTRODUCTION 


The different particular cases of delay differential equations have been searched by many 
researchers for the past few decades. Recently, it can be seen from the related literature 
that qualitative properties of various neutral differential equations have been investigated by 
many authors and the researchers have obtained many interesting and important results on 
some qualitative properties such as stability, exponentially stability, asymptotically stability, 
oscillation, non-oscillations of solutions and etc.(see, [I] [2} [3] {4} [51 (6) ['7) {8} (9) (10) (11) [121 (73) [1.4] ). 

DTM, which is a semi-analytical-numerical technique, is based on the Taylor series ex- 
pansion. The concept of method was first introduced by Pukhov [15] to solve linear and 
nonlinear problems in physical processes, and by Zhou to study electrical circuits. This 
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method is advantageous in obtaining numerical, analytical and exact solutions of ordinary 
and partial differential equations it has been widely studied and applied in recent years 
(see, [25]). According to the current techniques in the literature, 
DTM is a reliable method that requires less work and does not require linearization. 
In this study, we consider the following first order neutral type differential equation with 

multiple retarded arguments: 

d t 

qe) + p(t)x(t — r)] + a(t) f(a(t)) + b(t)g(a(t — o)) + c(t) i x(s)ds = 0, (LJ) 
where p(t), a(t), b(t), c(t) : [to,00) - [0,00), t) > 0, and f, g: R > Rwith f(0) = 0, g9(0) = 
0 are continuous functions on their respective domains;T,o and 6 are positive real constants. 


For each solution x(t) of equation [1.1] we assume the existence following initial condition: 
z(6) = (6), O€ [to — A, tol, 


where ® € C(|to — H, to], R), H = max{r, 0, 6}. 


Define 
os x#0 
hi (x) = (1.2) 
ah(0) | xr=0 
and 
a2)» #0 
g(@) = (13) 
4910) | =0 


The main purpose and contribution of this work can be summarized as follows aspects: 


i. This research on the stability of certain neutral type differential equation and their 
numerical solutions is still at the stage of developing. Therefore, we propose a novel 
stability criterion for further improvements. 

ii. The proof technique for the asymptotically stability of the equation considered in this 
study includes the Lyapunov function method and the LMI technique. Also, DTM 
is used to obtain numerical solutions of the equation considered. 

iii. The simulations showing the behaviors of the solutions of the equation addressed by 
applying the Lyapunov method and the numerical solutions of the equation addressed 


using DTM show that the proposed methods are useful and efficient. 
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2. PRELIMINARIES AND STABILITY RESULTS 


We suppose that there exist nonnegative constants a;,b;,¢;,™mi,ni (¢ = 1,2) and p; such 


that for t > 0, 


ay < a(t) < a2, by < b(t) < ba, C1 < c(t) < C2, (2.4) 


Ip(t)| < pi < 1, mi < fix) < me, m1 < g(x) < no. (2.5) 


For convenience, define the operator D : R— Ras 
t t 


D(a) = x(t) + p(t)a(t — Tr) — a | x(s)ds — B x(s)ds, 


{=F t-—o 
where @ ve § are positive scalars to be chosen later. From [1.2] and [1.3] equation [1-1] can be 
readily rewritten as follows for t > 0, 
t t 


Flatt) + p(tn(t—7)— af a(s)ds— 8 [ 2(3)ds] = -(A(e)a() +0 + Bat) 


t—T t-—o 


t 
+an(t — 7) + Ba(t — 0) — gi(x(t — o))b(t)a(t — 0) — c(t) / x(s)ds. (2.6) 
= 
Theorem 2.1. Let a;, bj, cj, mj and n; (i = 1, 2) be nonnegative constants. Then trivial 


solution of neutral type differential equation [2.6 is asymptotically stability if the operator D 


is stable and there exist positive constants T,0,6,a, 8 and A; (j =1, 2,...,5) such that 


Ti Ihe B-mb) Tha Ths —-c 


* TI Tg a? —a8 pier 
| * * —X»9 TI34 II35 0 | 
T= <0, (2.7) 
| * * * —3 0 ace 
* * * * —A4 Bee 
* * * * * —X5 


where Il, = —2(myaz, + at B) +A + Ag +A37? + Ago? + A567, Tyg = a — (mya, +t B)pi, 
Ths = moaga + a? +06, Tis = m2a28 + of + B?, Te = 2p; — 1,23 = Bpi — nibipi, 
IIz34 = —aB + angbo, I135 = —B? + Bnabe and the symbols “«” shows the elements below the 


main diagonal of the symmetric matria IL . 
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Proof. Consider the appropriate Lyapunov functional as 


V(t) =[D(a)?? +1 [ie a deck. Ag [ie 2(s ee La Pofige (an 


t t—T 


t 
+o f (o —t+s)ax %(s)ds+ roof ( 6—t+s)x 8, 
t-o 


where D(2z;) = x(t) + p(t)x(t — 7) -a fx (s)ds— 9 J a 
When the time derivative of V(t) ae the Peri of — are calculate, we 


obtain 


aE =2[x(t) + p(t)z(t-— 7) -—a [. x(s)ds — B - x(s)ds] 
x [-(fi(x)a(t) + a+ B)x(t) + ax(t— 7) + Balt —o) 
— gi(x(t — o))b(t)x(t — 0) — c(t) i z(s)ds] + Ay[x?(t) — 2?(t — r)] 


ieee - 2b At ee eo — ier i ; Pas 


+ dgo7x?(t) — Ago " 2(s)ds ee * Peds 
Asora%(t)— Aso fi a%(s)ds + Asdta%(t)— And ff a%(s)d 
=(—2f;(x)a(t) — 2a — 26 + dy + Ag + Agr? + Ago? + A567) x? (Et) 
+ 2ax(t)a(t — rT) + 26x(t)x(t — 0) — 2g) (x(t — o))b(t)x(t)x(t — o) 
— 2c(t)a(t) qa x(s)ds — 2(fi(x)a(t) + a+ B)p(t)x(t)x(t — 7) 


+ 2ap(t)x?(t — 7) + 26p(t)a(t — r)x(t — o) 


LO PtAG e+ Baxt) | 


t—T 


a(s)ds — 2a7x(t — 7) : x(s)ds 
— 2aBx(t — oc) in x(s)ds + 2agi(x(t — o))b(t)x(t — o) [ x(s)ds 
+ 2ae(t) i “(sds | als)ds + Aha)a(t) ++ 8)Be(0 i _a(s)ds 


— 2aBx(t — 7) | ” aide 98 ae 8 | en 


t-—o t—o 


+ 2891(a(t — o))b(t)a(t — co) | x(s)ds + 26c(t) / x(s)ds ia x(s)ds 
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t t 
— dyx?(t — 7) — Age? (t — 0) — Agr / z*(s)ds — \4o - z*(s)ds 
tr t-o 


t 
— A560 z*(s)ds. 
t—6 


By using hdlder inequality we can easily see that 


fh Peas > (f° ews). 


5 fh ae)ds > (f° ats) 


Taking into account conditions and [2.5] we have 


_ <(—2mya1 — 2a — 28 + Ay + Ag+ Agr? + Ago? + As6”) 2? (4) 


+ [2a — 2(mya; + a+ 8)pi|a(t)a(t — 7) + (28 — 2n1b1)x(t)x(t — oc) 


—2ca(t) | x(s)ds + (2apr — \1)a?(t — 7) 
! 
+ (28p1 — 2nybip1)a(t — 7) a(t — 7) — 2picix(t — 7) [. x(s)ds 


t t 


a(s)ds — 207a(t — 7) iE x(s)ds 


t—T 


+ Slnsasceer opie) | 


t—T 


Heide hae 7: ” eleva i ” atdds 


t—T —6 


t 
= = b _ 

(2aB8 — 2angb2)x(t — o) [. 
+ 2Bc [. x(s)ds [. a(s)ds + 2(mga28 + a8 + B*)x(t) [. x(s)ds 


t t 


a(s)ds — Ax? (t — o) — (26? — 2Bngb2)a(t — 0) | x(s)ds 


t-—o 


Babett— 1) f 


t—o 


- rs( f' 2tas) ay (f x(s)ds), _ rs(f o(s)d8) 


The last estimate implies that 


TS eT OME(O) 
where €7(t) = |2(t) x(t—T) 2(t—o) Z x(s)ds e) x(s)ds py x(s)ds| and II is de- 


fined in Thus, implied that there exists a positive constant ~ > 0 such that 
ae < —p||D(a:z)|| . Therefore, equation 2.6lis asymptotically stable according to [[8], Theorem 
8.1, pp. 292-293]. This completes the proof. 
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Example 2.1. Consider neutral differential equation |2.6| with 


oy = do = 1,0) bp = 05,0, = & = 0,9) = Mn = 2, — oe = 0A, |) < py = 0.25 <1, 
(2.8) 

7 =0.2,0 = 0.4.,6 = 0.3,a = 0.1, 6 = 0.3, Ay = 1.6, A2 = Ag = 1.2, , Aq = 0.8, A5 = 1.5. 
(2.9) 
Under the above assumptions, by solving matrix inequality|2.7 using Matlab, we found that 
the all eigenvalues of this matrix are -0.3125, -1.1539, -1.1931, -1.4085, -1.5000 and -2.3669. 
As a result, it is clear that all the conditions of Theorem [2. 1] hold. This discussion implies 

that the zero solution of equation |2.6| is asymptotically stable. 


2.5 
\ wo x(0)2.5 
\ 
a 
\ 
‘ 
\ 
‘ 
15 \ 
sole J 
a ! 
- ' 
| 
' 
\ 
. 
0.5 sey, 
‘. 
~~. 
ee 
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FIGURE 1. The simulation of the Example 


3. DTM AND NUMERICAL EXPERIMENT 


The theory of DT can be found in [16]. In this research paper, we will explain briefly. 
The DT of function x(t) is defined as 


ky 
X (k) = Slee (3.10) 


where x(t)is the original function and X(k) is the transformed function. 
Differential inverse transform of X(k) is defined as 


oe) 


k dé x: 
r= aI | (3.11) 


k=0 
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From and|3.11| if the function x(t) can be expressed in a finite series as follows 
[oe] 
a(t)=S°X(k) =X (0)+X()t+ XQ! H..., (3.12) 
k=0 


then it is called series solution of the DTM. 
The following fundamental theorems can be easily deduced from equations and 
(also see, [17] ,[20]). 


Theorem 3.1. Jf x(t) = art) then X (k) = ex (A+1)=(k+1)X(k+1). 


Theorem 3.2. [f x(t) = az(t), then X(k) = aX(k),where a is a constant. 


Theorem 3.3. Jf x(t) = x(t—a), a> 0 and reel constant, then 


N % 
X(k)= 0 (-1)* a’ *X (i) 
i=k k 
d = N i-k-1 a i-k-ly (; 
Theorem 3.4. If Gx (t—a), then X(k)=(k+1) D7 (-1) a X (i). 


Theorem 3.5. If x(t) = Si, x(s)ds, then X (k) = a. Re 1, XO) = 0, 


Now, we demonstrate potentiality, advantages and effectiveness of our method on an 


example. 


Example 3.1. Under initial condition x (0) = 2.5, we consider the first order neutral differ- 


ential equation|2. 6 with[2.8| and[2.9 Taking into account Theorem|3. 1] -[3.5, applying DTM 
on both sides of equation and condition|3.11| we obtain the following recurrence relation 


X (0) =2.5, 
al i 
(k + 1)X (k+1) =[-0.25(k+1) $0 (-1)*! 0.2" X G)- 2x (©) 
i=k41 k+1 


N : 
A v7 2 
—0.25°(-1)* 0.4°-*X (i)], k=0,1,...,6. 
i=k k 
Using this recurrence relation, the following series coefficients X(k) can be obtained. 
For N =4, 
X (1) =-4.256428718, X(2)=4.173891756, X(3)=-38.190591724, X (4)=2.211301195, 


X(5) =-1.826780717, X (6) =0.4422602390, X (7) =-0.1263600683, k =0,1,..., 6. 
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For N =6, 

X (1) =-4.256931168, X (2)=4.169118047, X (3)=-8.134489650, X (4) =2.052537892, 

X (5) =-1.272268766, X (6) =0.7624052530, X (7) =-0.37038111229, k = 0,1,..., 6. 


For N =8, 


X(1) =-4.256957370, X (2)=4.169240023, X (3) =-3. 133772360, X (4) =2.045844921, 
X(5) =-1.257197863, X (6) =0.7759998430, X (7) =-0.4899948359, k =0,1,...,6. 


Finally, using above mentioned relations, taking N = 4, 6, 8 and using equation [3. 12, 


we reach approximate solutions of equation|2.6| with 7 iterations as follows: 
N =4, 
tpra(t) =2.5 — 4.256423713t + 4.173891756¢? — 3.190591724¢? + 2.211301195¢* 
— 1.326780717t° + 4.422602390¢° — 1.263600683¢", 
N =6, 
apru(t) =2.5 — 4.256931168¢ + 4.169113047t? — 3.134489650t? + 2.052537892¢4 
— 1.272263766t° + 7.624052530¢° — 3.703111229t", 
N =8, 
tpra(t) =2.5 — 4.256957370t + 4169240023t? — 3.133772360t° + 2.045844921t4 
— 1.257197863t° + 7.759998430¢° — 4.899948359¢". 


As a result, it is seen that in the cases of N = 4, N =6 and N = 8, our numerical 


results are almost the same. 
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Approximate solutions with DTM for Nand 0<t<1 
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FIGURE 2. Comparison between approximate solutions using DTM. 


TABLE 1. Comparison of numerical results obtained with DTM. 


N=4 


N=6 


N=8 


2.9 


2.5 


2.5 


2.113114246 


2.113056779 


2.113055630 


1.793286393 


1.793223362 


1.793222389 


1.527559403 


1.527518365 


1.527507432 


1.305682872 


1.305711365 


1.305609636 


1.119104674 


1.119546373 


1.118984564 


0.960089977 


0.961954349 


0.959727281 


0.820903961 


0.826068104 


0.819026077 


0.692994495 


0.703852936 


0.684940092 


0.566111176 


0.584166389 


0.539253944 


0.427296967 


0.450060485 


0.353162358 


4. CONCLUSIONS 


In this study, we first derived some novel sufficient conditions to prove the asymptotic 


stability of solutions the first order neutral type differential equation. Subsequently, using 
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DTM, we obtained numerical approximations for different N ve t by an appropriate computer 
program. We constructed the Table [1] to make a comparison between the numerical results 
for N = 4, N = 6 and N = 8. By Matlab and an appropriate computer program, we 
provided two examples to show the effectiveness of proposed method. When the simulations 
of Example[2.1]and Example[3.lJare examined, the obtained results shows that the proposed 
methods are useful and applicable. As a suggestion, the techniques and methods presented 


for equation [1.1] can be improved with different situational or time-dependent delays. 
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ABSTRACT. In this paper, we introduce Sheffer stroke very true operator on MTL-algebras. 
We handle some fundamental properties of this operator. We obtain some equalities and 
inequalities which are used in our construction. Moreover, we give some relations among 
very true operator, supremum and infimum relations. Finally, we construct bridges among 
Sheffer stroke MTL-algebras, BL-algebras, MV-algebras and Gédel algebras by using them. 
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1. INTRODUCTION 


When a structure is established as a mathematical model, we must firstly throw off re- 
dundant statements. For this aim, we venture to give equivalent statements as possible as 
with the least number of axioms or the least number of operations and so on. For instance, 
Tarski achieved to explain Abelian groups with the least number of axioms from the point 


of divisor operator. 


The concept of monoidal t-norm-based logic (shortly, MTL) is given by Godo and Esteva 


[8]. Montogna and Jenei show that MTL corresponds to the logic of all left continuous t- 
norms and their residua [11]. In accordance wtih these studies, MTL-algebras are defined 
as a counterpart of this logical system [8]. In recent times, the structure of MTL-algebras 
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has been supported with important structural works [13}|20]. These works get a constructive 
effect on its algebraic structure. For instance, Vetterlein demonstrate that MTL-algebras 
correspond to the positive cone of a partially ordered group [20]. Moreover, he confirm that 
this algebra is a commutative, bounded, integral and pre-linear residuated lattice [13]. And, 
MTL-algebras are the basis residuated structures having all algebras induced by their residua 
and continuous t-norms. So, MTL-algebras have an important position in different structures 
which are related with fuzzy logic [21]. 

Oner and Senturk introduced Sheffer stroke basic algebras [14]. Sheffer stroke basic al- 
gebras play an important role in great numbers of logics as many-valued Lukasiewicz logics, 
non-classical logics, fuzzy logics and etc. This reduction topic is studied in recent times such 
as [15]. In harmony with these logical roles, Senturk gives a reduction of MTL-algebras by 
means of only Sheffer stroke operation which is called Sheffer stroke MTL-algebras [18]. 

The notion of ” very true” was firstly established by Hajek giving an answer to the question 
* whether any natural axiomatization is possible and how far can even this sort of fuzzy logic 
be captured by standard methods of mathematical logic?” [10]. To put in a different way, very 
true operator is used to reduce the number of possible logical values in many-valued logic. 
After this operator was effectively used in particular tasks in various fields of mathematics 
[9] [23], this operator has been implemented to other logical algebras such as effect 
algebras |6], commutative basic algebras [3], equality algebras [22], R¢-monoids [16], MV- 
algebras [12] and so on. 

In this paper, we give some fundamental concepts which are needed for our construction 
in Section |2} In Section [3] we introduce Sheffer stroke very true operator on Sheffer stroke 
MTL-algebras. We handle some fundamental properties of this operator. We obtain some 
equalities and inequalities. We give some relations among very true operator, supremum 
and infimum. Then, we engaging links among Sheffer stroke MTL-algebras, BL-algebras, 
MV-algebras and Gédel algebras by using them. In Section [4] we briefly mention what we 
do during this work. 


2. PRELIMINARIES 


The basic definitions, lemmas, theorems and etc. which are used throughout the paper 
are given in this section. 


The fundamental concepts in this chapter are taken from and [2]. 
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Definition 2.1. Jf the binary operations V and A satisfy the following conditions on the 
non-empty set L: 

(i) kAL=IAk andkVI=IVk, 

(Lo) kA (LAm) =(kAI Am andkv (lV m) =(kVI) Vm, 

(L3)kAk=k andkVk=k, 

(La) KA(KV1I)=k andkvV (kAl) =k 

then £ = (L;A,V) is called a lattice. 


Definition 2.2. An algebraic structure L = (L;V,A,0,1) is called bounded lattice if it sat- 
isfies the following properties: 

(i) foreachke L,kAL=k andkv1=1, 

(ii) for eachk € L, KAO0=0 andk VO=k. 
The elements 1 is called the greatest element and 0 is called called the least element of the 


lattice. 


Definition 2.3. Let the structure £ = (L;V,A) be a lattice. A mapping k++ k+ is said to 
be an antitone involution if it verifies the following conditions: 
(i) kt+=k — (involution), 


(ii) k <1 implies 1+ < k+ (antitone). 


Definition 2.4. Let £ be a bounded lattice with an antitone involution. If the below condi- 
tions 

Vk =1. and kAR =, 
are satisfied then k+ is called the complement of k and the lattice £ = (L;V,A,* ,0,1) is also 


an ortholattice. 


Lemma 2.1. Let £L = (L;V,A,+) be a lattice which verifies the antitone involution condition. 


Then the De Morgan laws 


koa = 0 and keV Ee A 


are satisfied. 


Definition 2.5. [4] Let G = (G,|) be a groupoid. If the following conditions are satisfied, 
then the operation |: Gx G— G is called a Sheffer stroke operation. 

($1) gilg2 = gelgi, 

(S2) (gil91)|(q1192) = 1, 
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($3) gil((g2l93)\(92l93)) = ((g1l92)|(91192) )lg3; 
(S4) (91 
If also the following identity 


((g1191)|(g1l91))) (gil((gil91)I(g2l92))) = gi- 


($5) g2|(91|(91191)) = gelge, 


is satisfied, then it is said to be an ortho-Sheffer stroke operation. 


Lemma 2.2. [4] Let G = (G,|) be a groupoid with Sheffer stroke operation. Then the 
following equalities are verified for each gi, 92,93 € G: 

(i) (gi]92)|(91|(g2l93)) = a1, 

(ii) (g1l91)|92 = 92|(91192), 

(ttt) gil((g2l92)191) = gilge- 


Lemma 2.3. [4] Let G = (G,|) be a groupoid. The binary relation < defined on G as below 


nN < g92 if and only if gilg2 = n\1 


is a partial order on G. 


Lemma 2.4. [4] Let | be a Sheffer stroke operation on G and < order relation of G. Then, 
the following equalities: 
(i) g1 S ge if and only if g2|g2 < gilg1, 
(ii) gil(gel(gilgi)) = gilgi is the identity of G, 
(iii) g1 < g2 implies go|93 < g1\93, for all g3 € G, 
(iv) 93 <q and g3 < g2 imply gilg2 < g3\gs 


are verified. 


Lemma 2.5. Let 6 = (G;|) be a Sheffer stroke basic algebra with the constant element 


1. Then, the following identities: 


(i) m\(gilg1) = 1, 
(i) gi|Q]1) =1, 
(iii) 1](gil91) = 1, 
(iv) ((gil(g2l92))(g2l92))I(g2l92) = gil(g2lg2), 
(v) (g2|(91I(g2l92))) (gil (2|92)) = 1 


are verified. 


Definition 2.6. Let X be a non-empty set, the operations V, A, + and ® be binary 


operations on X and the elements 0 and 1 be algebraic constant of X. If the following 


INT. J. MAPS IN MATH. / A CONST. OF VERY TRUE OP. ON SHEFFER STROKE MTL-ALG. 97 


conditions: 

(MT Ly) (X;A,V,0,1) is a bounded lattice, 

(MT L2) (X;@,0,1) is a commutative monoid, 

(MTL3) x < yz if and only ifx@®y < z, 

(MTL4) (x 9 y)V(y>au)=1 

are satisfied for each x,y,z € X, then the algebraic structure ¥ = (X;V,A,—,@,0,1) is 
called an MTL-algebra. 


Definition 2.7. Let X = (X;V,A,,®,0,1) be an MTL-algebra. Then X is called 
(i) a BL-algebra ifx \y=x@® (x — y) for each x,y € X, 

(ii) an MV-algebra if (x > y) ay =(y> 2) > 2@ for each z,yE X, 

(iit) a Godel algebra ifx ®x =x for eachx Ee X. 


Theorem 2.1. Let X = (X;V,A,—>,@,0,1) an MTL-algebra. If the operations are 
defined as: 

tA x2 = (((x2|r2)|r1)|r1)|(((w2|r2)|21)|21) 

1 V £2 := (x1|(x2|x2))|(x2|z2) 

£1 @ £2 := (24|x2)|(z1|22) 

Ly > LQ := X4|(Lo|x2) 


for each 41,22 € X, then X = (X;]) is a Sheffer stroke reduction of MT L-algebra. 


Corollary 2.1. Let X = (X;|) is a Sheffer stroke reduction of MTL-algebra. Then, it 


is also a Sheffer stroke basic algebra. 


During this paper, Sheffer stroke reduction of MTL-algebras are shortly called Sheffer 
stroke MTL-algebras. 


3. A CONSTRUCTION OF VERY TRUE OPERATOR ON SHEFFER STROKE MTL-ALGEBRAS 


In this part of the paper, we construct Sheffer stroke very true operator on Sheffer stroke 
MTL-algebras. We examine some fundamental properties of this operator. We attain some 
equalities and inequalities. Moreover, we give some relations among very true operator, 
supremum and infimum. On the other hand, we build links among Sheffer stroke MTL- 


algebras, BL-algebras, MV-algebras and Gédel algebras by using them. 


Definition 3.1. Let M = (M;]|) be a Sheffer stroke MTL-algebra. If the following condi- 


tions: 
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m|(n|n)) < B(m)|(Y(n)[V(n)) 

m) < 0(0(m)) 

SVsm5) (O(m|(n|n))|(O(n|(m|m)){A(n|(m|m))))|(O(n| (m|m))|9(n|(m|m))) = 1 

are satisfied for each m,n € M,then the mapping 0: M — M is called a Sheffer stroke very 


true operator. 


Example 3.1. Let M = {0,k,l,m,n,1}. The relations of elements in M are given as Figure 
and the operation | on this structure is defined as the Table || 


1 
| )0 2 & mn 1 
O;/1 1 1 1 21 ~21 
ms e l/l m 11mm 
Ki}1l 1 nn loin 
d k m/l 1H" 1 1 +21 
n\/l m1 1 ki &k 
0 1/1 mnil ek Oo 
Figure 1. Hasse Diagram of M Table 1. |—operation on M 


If the binary operations A,V,® and — are defined as Theorem [2.1 then we have the 


following Cayley tables for these operations. 


A|O lk mn il V}O l kK mnt 
0/0 00 0 0 0 0;0 £ &F mani 
(};0 0 0 7 1 1/2 @ 1 1 nil 
k|0 0k k O k kik 1 k mii 
m|/0 0k m 0 ™m ane mim ilimm ii i 
n/O 10 0 n n nj[nn ti1onti 
1/0 lk mn ii 1}1 1 21 =#21 «21 «21 


Table 2. A—operation on M Table 3. V—operation on M 
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@®/O0 lk mniil >/0 1 k mnil 
0;0 00 0 0 0 o;1 1 1 1éi1éi4i1 
1}/0 - 0 0 0 1 l|m 1 mmiiii 
k|0 0 k k O &k kin m 1 1ni1 
d 
m|0O O m Om ms m|}l ¢@ 1 1n 1 
ni01l10%m™n in n\|k 1 k mili 
1/0 lk mniil 1;0 l kmni 
Table 4. ®—operation on M Table 5. — —operation on M 


So, the algebraic structure M = (M;]|) is a Sheffer stroke MT L-algebra. If the operation 
0:M > M is defined by 


n, wé {in}, 
m, x €{k,m} 


then, this mapping is a Sheffer stroke very true operator on M. 


Proposition 3.1. Assume that the mapping 0 : M > M be a Sheffer stroke very true 
operator. Then, the following statements 

(i) VO) =9, 

(ii) m= 1 if and only if 0(m) = 1, 

(iit) 0 is increasing, 

(iv) V(m|m) < V(m)|V(m) 

hold for each m,n, k € L. 


Proof. (i) By (SVsnz2), we get 0(0) < 0. Moreover, we have m < J(m) for each 
m € M. So, we obtain 0(0) = 0. 

(ii) (=:) It is clear from (SVgy¢1). 

(<:) Assume that J(m) = 1. Since 0(m) = 1<m <1, we get m= 1. 

(iit) Assume that m < n. Then, we have m|(n|n) = 1. By the help of (SVga¢1) and ($Vsy,3), 
we get V(m|(n|n)) = V1) = 1 < V(m)|(V(n)|V(n)) < 1. We obtain Y(m)|(V(n)|(n)) = 1. 


So, we conclude that 0(m) < (n), ie., the mapping ¥ is increasing. 
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(iv) Let m be any element of WM. Then, we have 


VW(m|m) = (m1) 


So, the inequality J)(m|m) < J(m)|0(m) is verified for each m € M. 


Lemma 3.1. Let 0: M > M be a Sheffer stroke very true operator. Then, the equality 
0(m) = 9?(m) is verified for each m € M. 


Proof. Let m be any element of M. By using Proposition (iit) and (SVga¢1), 
we obtain J(J(m)) < V(m). From (SVsiz4), we have V(m) < Y¥(V(m)). Hence, we obtain 
0(m) = V(0(m)) for each m € M. 


Lemma 3.2. The following inequalities 
(B(m)|9(n))|(A(m)|V(n)) < (mIn)|(m|n) < V(mIn)|9(m|n) 
hold for each m,n € L. 


Proof. Let m and n be any elements of M. By using (SVgj72), we get Jim) < m 
and 0(n) <n. From Lemma2.4] (i), we have m|n < J(m)|0(n). If we use again the same 


step for the last equation, we get the following inequality: 
(Y(m)|9(n))|(8(m)|9(m)) < (mIn)|(m|n). (3.1) 
By (SVgi2), we have 0(m|n) < m|n. Similarly, we obtain 
(m|n)|(m|n) < V(m|n)|d(mIn). (3.2) 
From Inequalities and (3.2), we attain our assumption. 


Lemma 3.3. The following inequalities 
(i) B(m|m) < V(mIn), 
(it) V(m|n)|¥(m|n) < Vm), 
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(iit) Vm) < V((m|n)|n) 


hold for each m,n € L. 


Proof. (i) Let m and n be any two elements of M. We have m < 1 andn < 1. Then, 
n<l => Im<nlm, (By Lemma|2.4] (iii)) 
=> mim <nlm, (By Lemma 2.5] and Corollary [2.1) 
=> V(m|m) < V(mn). (By Proposition [3.1] (iti)) 


(it) We have the inequality m|m < n|m from Lemma}3.3] (i). By the help of Lemma 2.4] (i) 
and Definition [2.5] (S2), we get (n|m)|(n|m) < m. By increasing property of ? mapping, we 
conclude that #((n|m)|(n|m)) < ¥(m) for each m,n € M. 

(iti) We have n < 1 for each n € M. We obtain m < (m|n)|n by using Lemma {2.4 (272), 
Lemma 2.5] (iii) and Lemma|2.2} respectively. Since J is an increasing mapping, we obtain 
V(m) < V((m|n)|n) for each m,n € M. 


Theorem 3.1. Let 0: M — M be a Sheffer stroke very true operator. Let sup and inf be 
the least upper bound and greatest lower bound functions, respectively. Then the following 


equalities 
sup{v(m), J(n)} = Y(sup{m, n}) and inf{v(m), Y(n)} = V(inf{m, n}) 
are satisfied for eachm,n€ M. 


Proof. Let m,n € M and the mapping 0 : M — M be a Sheffer stroke very true 
operator. We have m < sup{m,n} and n < sup{m,n}. Since @ is an increasing mapping, we 


get U(n) < V(sup{m, n}) and ¥(m) < Y(sup{m, n}). Then, we obtain the following inequality 
sup{d(m), 0(n)} < V(sup{m, n}) (3.3) 


for each m,n € M. 

Let sup{?(m), U(n)} = k for k € M. So, we have V(m) < k and W(n) < k. By the help of 
Lemma [3.1] and Proposition [3.1] (iit), we get Vim) < V(k) and Y(n) < Vk). Using again 
Proposition (tit), we get m < k and n < k. Then, we attain sup{m,n} < k. From 
Definition [3.1] (SVgi2) and Proposition [3.1] (iti), we obtain following the inequalities 


B(sup{m, n}) < Bk) < k = sup{i(m), V(n)}. (3.4) 
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From Inequalities and (3.4), we prove that sup{v(m), ¥(n)} = V(sup{m, n}) for each 
m,neM. 

For the infimum part of the proof, we have inf{m,n} < m and inf{m,n} < n for each 
m,n € M. Since # is an increasing mapping, we get V(inf{m, n}) < V(m) and V(inf{m, n}) < 
0(n). So, we obtain the following inequality 


V(inf{m, n}) < inf{V(m), ¥(n)}. (3.5) 


By Definition]3.1](SV5i2), we have }(m) < mand V(n) < n. Then, we get inf{V(m), V(n)} < 
inf{m,n}. From Proposition (i7i) and Lemma we handle Y(inf{v(m), 0(n)}) < 
0(V(inf{m, n})), ie., 

inf{V(m), V(n)} < V(inf{m, n}). (3.6) 
From Inequalities (3.5) and (3.6), we show that inf{0(m), 0(n)} = V(inf{m,n}) for each 


m,neM. 


Example 3.2. Let M = {0,k,l,m,n,1} and 0: M > M be defined as Example|{3. 1} Then 
we show that Theorem |3. 1] is satisfied for each a,b € M. If one of {a,b} equals 0 or 1, 
the equalities sup{0(a), 0(b)} = Y(sup{a, b}) and inf{V(a), ¥(b)} = V(inf{a, b}) are obtained 
clearly. We examine a € {k,l,m,n} and b € {k,l,m,n}. So, we need to examine the sets 
such as {k,l}, {k,m}, {k,n}, {l,m}, {l, n} and {m,n}. 
e We analyze for {k,l}: 
sup{(k), 0()} = sup{m,n} = 1 = 01) = d(eup{k, I). 
inf{0(k), W(1)} = inf{m, n} = 0 = V0) = V(inf{k, [}). 
e We analyze for {k,m}: 
sup{0(k), 0(m)} = sup{m,m} = m = V(m) = V(sup{k, m}). 
inf{0(k), 0(m)} = inf{m, m} =m = v(k) = V(inf{k, m}). 
e We analyze for {k,n}: 
sup{d(k),0(n)} = sup{m,n} = 1 = (1) = 0(sup{k,n}). 
inf{J(k), ¥(n)} = inf{m,n} = 0 = V(0) = V(inf{k, n}). 
e We analyze for {l,m}: 


sup{v (1), 0(m)} = sup{n, m} = 1 = V(1) = V(sup{l, m}). 
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inf {9(1), 0(m)} = inf{n, m} = 0 = 9(0) = V(inf {I, m}). 
° We analyze for {l,n}: 

sup{v(1), 0(n)} = sup{n,n} =n = 0(n) = 0(sup{l, n}). 

inf {9(1), 0(n)} = inf{n, n} =n = 0(l) = V(inf{I, n}). 
© We analyze for {m,n}: 
sup{v(m), 0(n)} = sup{m, n} = 1 = V1) = V(sup{m, n}). 
inf {(m), 0(n)} = inf{m,n} = 0 = V(0) = V(inf{m, n}). 


Corollary 3.1. Let m,n © M and the mapping 0): M > M be a Sheffer stroke very true 


operator. Then the following equalities 

sup{0(m), 0(n)} = V(sup{V(m), V(n)}) and inf {0(m), 0(n)} = VGnf{V(m), 9(n)}) 
are verified for each m,neE M. 

Proof. It is straightforward from Theorem 3.1] and Proposition [3.1] (itz). 


Theorem 3.2. Let Fixy(M) be the set of the points of M such that )(m) =m. Then, the 
equality Fixy(M) = 0(M) is satisfied. 


Proof. Assume that n € V(M). Then, we have any element m of M such that 
(im) = n. Using Lemma [3.1 we obtain J(n) = V(0(m)) = V(m) = n. So, we get n € 


Fixs(M). Hence, we handle the following relation 
0(M) C Fiary(M). (3.7) 


Let n € Fixy(M). This means that J(n) =n. Since n € M, n = V(n) € V(M). Therefore, 


we get the following relation 
Fieg(M) C 0(M). (3.8) 
From the relations (3.7) and (3.8), we prove that Fix y(M) = 0(M). 


Example 3.3. Let M = {0,k,l,m,n,1} and 0: M — M be defined as Example|3. 1, Then, 
we have Fix y(M) = {0,n,m,1} and also 0(M) = {0,n,m,1}. So, we verify Fixy(M) = 
0(M) for Example[3. 1 
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Now, when we consider on Theorem and Theorem we can reach the following 


corollary. 


Corollary 3.2. Let the mapping 0: M > M be a Sheffer stroke very true operator. Then 


the following equalities 
sup{ Fir )(M)}=v(sup(M)) — and inf{ Fix y(M)} = V(inf(M)) 
are verified. 


Lemma 3.4. Let id: M — M be defined as Id(m) = m for eachm € M. Then, the mapping 


Id is a Sheffer stroke very true operator on M. 
Proof. It is clear from Definition [3.1] Definition [2.6] and Theorem |2.1 


Theorem 3.3. Let M = (M;\|) be a Sheffer stroke MT L-algebra and the mapping 0: M > 
M be a Sheffer stroke very true operator. Then, 

(i) M =(M;V,/A,—,@,0,1) is a BL-algebra if and only if 0(inf{m, n}) = V((((m|m)|n)|n) 
\(((m|m)|n)|n)) for each very true operator 0 on M and for eachm,ne€ M, 

(it) M = (M;V,A,—>, ®, 0,1) is a MV -algebra if and only if V(sup{m, n}) = V((m|(n|n)|(n|n))) 
for each very true operator 0 on M and for eachm,n€ M, 

(iti) M = (M;V,A,—,@,0,1) is a Gédel algebra if and only if 0(inf{m,n}) = (¥(m)|V(n))| 


(Y(m)|V(n)) for each very true operator 0) on M and for each m,n € M, 


Proof. The proof is clear from Lemma [3.4] and Theorem (3.7) in [18]. 


4. CONCLUSION 


In this paper, we define Sheffer stroke very true operator on MTL-algebras. We get some 
fundamental properties of this operator. We give some equalities and inequalities which 
are used in our construction. Then, we attain some relations among very true operator, 
supremum and infimum relations. Finally, we construct paths among Sheffer stroke MTL- 
algebras, BL-algebras, MV-algebras and Gédel algebras by using them. After this work, we 
will use this operator other algebraic structures. By this means, we want to obtain new paths 


among new algebraic structures. 
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1. INTRODUCTION 


In [19], Oubina defined a new class of almost contact metric structure, which is said 


to be trans-Sasakian structure of type (a,). In [7], Chinea and Gonzales introduced two 
subclasses of trans-Sasakian structures which contain the Kenmotsu and Sasakian structures. 


Trans-Sasakian structures of type (a,0), (0,3) and (0,0) are a-Sasakian, G-Kenmotsu and 
cosymplectic, respectively [3} [14]. 


The Schouten-van Kampen connection defined as adapted to a linear connection for study- 


ing non holonomic manifolds and it is one of the most natural connections on a differentiable 


manifold [23]. Solov’ev studied hyperdistributions in Riemannian manifolds using the 


Schouten-van Kampen connection [27]. Then Olszak studied the Schouten-van 
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Kampen connection to almost (para) contact metric structures [18]. In recent times, Perktas 
and Yildiz studied some symmetry conditions and some soliton types of quasi-Sasakian 
manifolds and f-Kenmotsu manifolds with respect to the Schouten-van Kampen connection 


21 2. 


Let (M,g) be a Riemannian manifold. Then the metric g is called a Ricci soliton if 
Lxg+2Ric+ 26g = 0, (1.1) 


where L is the Lie derivative, Ric is the Ricci tensor, X is a complete vector field and 6 is a 
constant on M. In [8], Cho and Kimura given the notion of 7-Ricci solitons. The manifold 
(M,g) is called an 7-Ricci soliton if there exist a smooth vector field X such that the Ricci 


tensor satisfies 
Lxg + 2Ric + 26g + 27 ®n = 0, (1.2) 


where and yp is also constant on M. Note that Ricci solitons and 7-Ricci solitons are said to 
be shrinking, steady and expanding according as 6 is negative, zero and positive, respectively. 

In [12], Hamilton defined Yamabe flow to solve the Yamabe problem. The Yamabe soliton 
comes from the blow-up procedure along the Yamabe flow, so such solitons have been studied 


intensively [I] [5} {6} (10) (17). 


A Yamabe soliton on a Riemannian manifold (M, gq) satisfying 
1 
5 (xg) = (7 ~8)g, (1.3) 


where 7 is the scalar curvature of M. Moreover, if (M,g) is of constant scalar curvature 
T, then the Riemannian metric g is called a Yamabe metric. Yamabe solitons are said to be 
shrinking, steady and expanding according as 6 is positive, zero and negative, respectively. 
This paper is organized as follows: After preliminaries, we give some basic information 
about the Schouten-van Kampen connection and trans-Sasakian manifolds. Then we adapte 
the Schouten-van Kampen connection on trans-Sasakian 3-manifolds. In section 4, we con- 
sider Ricci semisymmetric trans-Sasakian 3-manifolds with respect to the Schouten-van Kam- 
pen connection. In the last section, firstly we study Ricci solitons, 7-Ricci solitons and 
Yamabe solitons of a trans-Sasakian 3-manifold with respect to the Schouten-van Kampen 
connection. Then we give an example of a trans-Sasakian 3-manifold with respect to the 


Schouten-van Kampen connection. 
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2. PRELIMINARIES 
Let M be a connected almost contact metric manifold with an almost contact metric 


structure (¢,&,7,g), that is, @ is (1, 1)-tensor field, € is a vector field, 7 is a 1-form and g is 


the compatible Riemannian metric such that 


¢°(U) == + nUYE, n(§) =1, pf = 0, nop =0, (2.4) 
9(9U, 6V) = g(U,V) — n(U)n(V), (2.5) 
alu, ov) = —g(dU, V), gU, £) = nU), (2.6) 


for all U,V € TM [3]. The fundamental 2-form © of the manifold is defined by 
®(U,V) = g(U, eV). (2.7) 
This may be expressed by the condition [4] 
(Vud)V = a(g(U,V)E— n(V)U) + B(g(eU, VE — n(V dU), (2.8) 


for smooth functions @ and 8 on M. Here we say that the trans-Sasakian structure is of type 


(a, 8). From the formula (2.8) it follows that 
Vug = —adU + BU — (UE), (2.9) 


(Vun)V = —ag(gU, V) + Bg (dU, eV). (2.10) 


An explicit example of trans-Sasakian 3-manifolds was constructed in [15]. In [9], the Ricci 
tensor and curvature tensor for trans-Sasakian 3-manifolds were studied and their explicit 
formulae were given. 


From [9] we know that for a trans-Sasakian 3-manifold 


208 + Ea = 0, (2.11) 


Ric(U, €) = (2(a? — 8?) — €8)n(U) — UB — (dU )a, (2.12) 


Ric(U,V) = (5 + £8 - (0? ~ 6?))g(U,V) — (5 + 8 — 3(c? — 6?) n(U)nV) 


—(VB + (dV )a)n(U) — (UB + (dU )a)n(V), (2.18) 
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and 


RU,V)W = (5 +268 2(a? — 6°))(g(V, WU — 9(U, WV) 


—9(V, WIE + £8 - 3(a? - 6) (UE 

—n(U)(dgrada — grad) + (UB + (sU)a)é] 

+9(U, W)(5 + €B — 3(a? — B))n(V)E 

—n(V \(egrada — grad) + (VB + (6V)a)é) (2.14) 


—[(WB + (@W)a)n(V) + VB + (dV )a)n(W) 


+(5 + £8 — 3(a? — 6))n(V)n(W)|U 


+[(WB + (@Wha)n(U) + (UB + (PU )a)n(W) 


+(5 + £8 — 3(a? — 8) )n(U)(W)IV, 


where Ric is the Ricci tensor, R is the curvature tensor and 7 is the scalar curvature of the 
manifold M, respectively. 


If a and £ are constants, then equations (2.11)-(2.14) become 
RU,V)W = (5 -2(a? — 6))(g(V, WU — g(U, WV) 


—(F = 3(a? — 6) )(g(V,W)n(W)E- 9(U,W)n(V)E (2.18) 


+7(V)n(W)U — n(U)n(W)V), 


Ric(U,V) = (5 ~ (a2 — B))g(U,V) (2.16) 
—(5 — 3(a? — 8?) )n(U)n(V), 
Ric(U, €) = 2(a — 8?)n(U), (2.17) 
RU, V)E = (a? — B)(n(V)U — n(U)V), (2.18) 
R(E,U)V = (0? — B)(g(U,V)E— n(V)U), (2.19) 
QU = (F-(0?—6))U (2.20) 
—(F — 3(a? — B*))n(U) 


From (2.11) it follows that if a and 8 are constants, then the manifold is either a-Sasakian 


or 0-Kenmotsu or cosymplectic, respectively. 
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On the other hand we have two naturally defined distributions in the tangent bundle TM 
of M as follows: 


H=kern, V =span{é}. (2.21) 
Then we have TM = H@®V, HV = {0} and H 1 V. This decomposition allows one 
to define the Schouten-van Kampen connection V over an almost contact metric structure. 


The Schouten-van Kampen connection V on an almost contact metric manifold with respect 


to Levi-Civita connection V is defined by 
VuV = VuV — 9(V)Vug + (Yun) (VIE. (2.22) 


Thus with the help of the Schouten-van Kampen connection given by (2.22h, many properties 
of some geometric objects connected with the distributions H, V can be characterized [24 [25] 
[26]. For example g, € and 7 are parallel with respect to V, that is, VE =0, Vg = 0,Vn = 0. 
Also the torsion T of V is defined by 


T(U,V) =nU)VvE — n(V)Vug + 2dn(U, VIE. 
3. TRANS-SASAKIAN 3-MANIFOLDS WITH RESPECT TO THE SCHOUTEN-VAN KAMPEN 
CONNECTION 


Let M be a trans-Sasakian 3-manifold with a and 6 are constants with respect to the 


Schouten-van Kampen connection. Then using (2.9) and (2.10) in (2.22), we get 
VuV = VuV + a{n(V) QU — g(U, VE} + B{g(U, V)E — n(V)U}. (3.23) 


Let R and R be the curvature tensors of the Levi-Civita connection V and the Schouten-van 


Kampen connection V are given by 
RU,V) = [Vu, Vv] -Vuv,  RU,V) = (Vo, Vv] - Voy: 


Using (3.23), by direct calculations, we obtain the following formula connecting R and R on 
a trans-Sasakian 3-manifold 


R(U,V)W 


R(U,V)W 
+a°{g(oV, W)dU — g(dU,W)dV + n(U)n(W)V (3.24) 
—n(V)n(W)U — g(V,W)n(U)E + g(U, W)n(V )E} 


+B°{g(V, W)U — g(U,W)V}. 
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We will also consider the Riemann curvature (0, 4)-tensors R, R, the Ricci tensors Ric, Ric, 
the Ricci operators Q, Q and the scalar curvatures 7,7 of the connections V and V are given 


by 


RU, V,W, Z) 


RU, V, W, Z) 


+a7{g(V, W)9(dU, Z) — (dU, W)9(4V, Z) 


+g(V, Z)n(U)n(W) — g(U, Z)n(V)n(W) (3.25) 
—g(V,W)n(U)n(Z) + g(U, W)n(V)n(Z) } 


+67 {9(V, W)gU, Z) _ gU, W)ag(V, Z)}, 


Ric(V,W) = Ric(V,W) 


+2879(V,W) — 20?n(V)n(W), (3.26) 
QU = QU + 287U — 2a°n(U)€, (3.27) 
7 =7T—2a0* +66", (3.28) 


respectively, where R(U, V, W, Z) = g(R(U,V)W, Z) and R(U,V,W, Z) = g(R(U,V)W, Z). 
4. RICCI SEMISYMETRIC TRANS-SASAKIAN 3-MANIFOLDS WITH RESPECT TO THE 
SCHOUTEN-VAN KAMPEN CONNECTION 


In this section, we study Ricci semisymetric trans-Sasakian 3-manifolds with a and £ are 
constants with respect to the Schouten-van Kampen connection. 
If a trans-Sasakian 3-manifold with respect to the Schouten-van Kampen connection is 


Ricci semisymmetric then we can write 
(R(U,V) - Ric)(W,Y) = 0, (4.29) 
which turns to 
Ric(R(U, V)W,Y) + Ric(W, R(U,V)Y) = 0. (4.30) 
Using in (4.30), we obtain 
Ric(R(U,V)W,Y) — 2a°n(R(U,V)W)n(¥) + 267g(RU, VW, Y) 
+Ric(W, R(U,V)Y) — 202n(R(U,V)Y )n(W) + 267g(W, R(U,V)Y) (4.31) 


= Ric(R(U,V)W,Y) + Ric(W, R(U,V)Y) = 0. 
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Now using in (4.31), we get 


Ric(R(U, V)W, Y) + Ric(W, R(U, V)Y) + a?{9($V, W)Ric(dU, Y) 


—9(oU, W)Ric(oV,Y) + Ric(V,Y)n(U)n(W) — Ric(U, Y )n(V )n(W) 


+9(U, W)n(V)Ric(Y, £) — g(V,W)n(U)Ric(Y, €) + g(@V, Y) Ric(gu, W) 


—9(oU,Y) Ric(eV, W) + Ric(V, W)n(U)n(¥) — Ric(U, W)n(V )n(¥) 


+9(U,Y)n(V)Ric(W, €) — g(V, Y )n(U) Ric(W, €)} 
+87{9(V, W)Ric(Y,U) — g(U, W)Ric(Y, V) 


+9(V,Y)Ric(W,U) — g(U,Y)Ric(W, V)} = 0. 
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(4.32) 


Let {e;}, (1 <i < 3), be an orthonormal basis of the tangent space at any point of M. Then 
the sum for 1 <i < 3 of the relation (4.32) for U = Y = e; gives 


which is equal to 


where \ = 5 — 2(a? — 8?) and yw = 5 — 3(a? — 6”). After some calculations we have 


Ric(R(e:, V)W, e;) + Ric(W, R(e;, V)e;) 
+a? {Ric(V,W) — rn(V)n(W)} 
+2a” (a? — 87) {3n(V)n(W) — 9 (V,W)} 


+87{1r9(V, W) — 3Ric(V,W)} = 0, 


A {rg(V,W) — 3Ric(V,W)} + 2n(a? — 6?)n(V)n(W) 
+pRic(V,W) — 2u(a? — 6?)g(V,W) + 4u(a? — 6?)n(V)n(W) 
—prn(V )n(W) 

+a? {Ric(V,W) — rn(V)n(W)} 

+20? (a? — 87) {3n(V)n(W) — 9(V, W)} 


+B? {rg(V, W) — 3Ric(V,W)} =0, 


[-3 (A + 6?) + (u+a”)]Ric(V, W) 


+[(A + 8?)r — 2 (w+ 0°) (a? — B)\g(V, W) 


+[6(u + a”)(a? — 6?) — (A + 6) T]n(V)n(W) = 0, 


(4.33) 


(4.34) 
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z 
2 


Ric(V,W) = [2 — (0? — 6?) |g (V,W) + [3 (a? — 6?) — Z]n(V)n(W). (4.35) 
2 


Hence M is an n-Einstein manifold with respect to the Levi-Civita connection. Now using 


(4.35) in (3.26), we have 
Rie(V,W) = [5 — a? + 36"|g(V,W) — [5 — a? + 36"In(V)n(W). 
Thus M is also an 7-Einstein manifold with respect to the Schouten-van Kampen connection. 


Therefore we have the following: 


Theorem 4.1. Let M be a trans-Sasakian 3-manifold with respect to the Schouten-van Kam- 
pen connection. If M is Ricci semisymmetric with respect to the Schouten-van Kampen 
connection then M is an n-Einstein manifold with respect to the Schouten-van Kampen con- 


nection and Levi-Civita connection. 


5. SOLITON TYPES ON TRANS-SASAKIAN 3-MANIFOLDS WITH RESPECT TO THE 


SCHOUTEN-VAN KAMPEN CONNECTION 


In this section we study Ricci solitons, 7-Ricci solitons and Yamabe solitons on a trans- 
Sasakian 3-manifold with a and § are constants with respect to the Schouten-van Kampen 
connection. 

In a trans-Sasakian 3-manifold M endowed with respect to the Schouten-van Kampen 


connection bearing an Ricci soliton, we can write 
(Lxg + 2Ric + 26g)(U,V) = 0. (5.36) 
Using in (5.36), since Vg = 0 and T # 0, we have 
(Lxg)(U,V) = 9(VuX,V) + 9U, VvX) = (Lxg)(U,V), 


that is, 


o(VuX,V) + 9(U, Vv X) + 2Ric(U, V) + 25g(U, V) = 0. (5.37) 
Putting X = € in (5.37), we obtain 

g(Vué, V) + 9(U, Vvé) + 2Ric(U, V) + 25g(U, V) = 0. (5.38) 
Now using in (5.38), we get 


g(—agU + BCU — n(U)E), V) + g(U, -adV + B(V — n(V)E) + 2Ric(U, V) + 259(U, V) = 0, 
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Ric(U,V) = —(6 + 6)g(U,V) + Bn(U)n(V). (5.39) 
Thus M is an 7-Einstein manifold with respect to the Schouten-van Kampen connection. 
Also using (3.26) in (5.39), we get 
Ric(U,V) = —(26? + 6 +.5)g(U,V) + (8 + 2a7)n(U)n(V). 


Hence M is an 7-Einstein manifold with respect to the Levi-Civita connection. Thus we have 


the following: 


Theorem 5.1. Let M be a trans-Sasakian 3-manifold bearing a Ricci soliton (€,6,g) with 
respect to the Schouten-van Kampen connection. Then M is an y-Einstein manifold both 


with respect to the Schouten-van Kampen connection and Levi-Civita connection. 


Putting V = € and using (3.26) in (5.39), we give the following: 


Corollary 5.1. A Ricci soliton (€,6,g) on a trans-Sasakian 3-manifold M with respect to 


the Schouten-van Kampen connection is always steady. 


On the other hand, from (2.16) and (3.26), it is easy to see that a trans-Sasakian 3- 


manifold M is always 7-Einstein with respect to the Schouten-van Kampen connection of 


the form Ric = yg +07 @ , where y = —o = a= a? + 382. Then, we write 


(Leg + 2Ric + 26g)(U,V) = ((27 + 26)g — 20n @ n)(U,V), (5.40) 


for all U,V € x(M), which implies that the manifold M admits a Ricci soliton (&,6,g) if 
vy+d=Oando=0. 
Using (5.39), we can also state the following: 


Corollary 5.2. The scalar curvature of a trans-Sasakian 3-manifold M bearing a Ricci 


soliton (£,6,g) with respect to the Schouten-van Kampen connection is T = —36 — 2. 


Now we consider an 7-Ricci soliton on a trans-Sasakian 3-manifold M with respect to the 


Schouten-van Kampen connection. Then 
(Lxg + 2Ric + 25g + 2un ® n)(U,V) =0, (5.41) 
that is, 


g(VuX,V) + 9(U, Vy X) + 2Ric(U, V) + 25g(U, V) + 2un(U)n(V) = 0. (5.42) 
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Putting X = € in (5.42), we obtain 
Ric(U,V) = —dg(U,V) — un(U)n(V). (5.43) 
Hence M is an 7-Einstein manifold with respect to the Schouten-van Kampen connection. 
Taking V = € in (5.43), we get 6 + = 0. Using (3.26) in (5.43), we have 
Ric(U, V) = [-26” — 8]g(U,V) + [20° — p]n(U)n(V). 
Thus M is an 7-Einstein manifold with respect to the Levi-Civita connection. Now we have 


the following: 


Theorem 5.2. Let M be a trans-Sasakian 3-manifold bearing an n-Ricci soliton (€, 6, u,g) 
with respect to the Schouten-van Kampen connection. Then M is an y-Einstein manifold 


with respect to the Schouten-van Kampen connection and the Levi-Civita connection. 


Again let us consider equations and (5.37). Using (3.26), we obtain 
g(VuX,V) + 9(U, Vv X) + 2Ric(U, V) + 2(26? + 6)g(U, V) — 20°n(U)n(V) = 0. 
Thus we write 
(Lxg)(U, V) + 2Ric(U, V) + 2(26? + 6)g(U, V) — 20?n(U)n(V) = 0. 


This last equation shows that if (X,6,g) is a Ricci soliton on a trans-Sasakian 3-manifold 
with respect to the Schouten-van Kampen connection, then the manifold admits an 7-Ricci 


soliton (X, 26? + 6,a?,g) with respect to the Levi-Civita connection. If a = 0, then 
(Lxg)(U,V) + 2Ric(U, V) + 2(28? + 5)g(U,V) =0. 
So we have the following: 


Corollary 5.3. Let M be a trans-Sasakian 3-manifold bearing a Ricci soliton (X,6,g) with 
respect to the Schouten-van Kampen connection. Then we have: (i) Ifa =0, then M admits 
a Ricci soliton (X,267+6,g) with respect to the Levi-Civita connection. (ii) If a 4 0, then 


M admits an n-Ricci soliton (X,26? + 6,a,g) with respect to the Levi-Civita connection. 


Example 5.1. We consider the 3-dimensional manifold M = {(x,y,z) € R®, y 4 0}, where 


(x,y,z) are the standard coordinates in R?. The vector fields 


0 0 0 
ee =e—, eg =— e3 = ey — 


Ox’ Oy’ Oz’ 
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are linearly independent at each point of M. Let g be the Riemannian metric defined by 
g(e1,€3) = g(e2,e3) = g(e1,e2) = 0, 
g(e1,e1) = g(e2,e2) = g(es,e3) = 1. 


Let 1 be the 1-form defined by n(Z) = g(Z, e2) for any Z € x(M). Let ¢ be the (1, 1)-tensor 
field defined by ¢(e1) = e3, d(e2) = 0, d(e3) = —e1. Then using linearity of @ and g we have 


nlez)=1, #W=—-W+7(W)es, 


g(OW, 62) = g(W, Z) —n(W)n(Z), 


for any W,Z € x(M). Thus for e2 = €, (¢,&,n, 9g) defines an almost contact metric structure 


on M. Now, by direct computations we obtain 
[e1, €2| =—€], leo, €3| = €3, [e1, e3| = 0. 


The Riemannian connection V of the metric tensor g is given by the Koszul’s formula which 
1S 
29(VuV,W) = Ug(V,W)+V9(W,U) — W9(U,V) (5.44) 


=9(U, [V, W)) -_ g(V, [U, W)) =F g(W, [U, V)). 


Using (5.44), we obtain 


Vejel = €2, Ve ,e2 = —€1, Ve e3 = 0, 
Veser = UO, Vee =0, Ve,e3 = 0, (5.45) 
Ve3€1 = 0, Vex€2 = =—€3, Vex€3 = €9. 


By (5.45), we see that the manifold satisfies (2.8) forU =e,,a=0, 8 =—1, and eg = €. 
Similarly, it can be shown that for U = eg and U = e3 the manifold also satisfies (2.8) for 
a=0, 6 =—-1, and ep = €. Hence the manifold is a trans-Sasakian manifold of type (0, —1) 
20]. Now we consider the Schouten-van Kampen connection to this example. From (5.45), 


we have 
R(ey,e2)e1 = e€2, R(e1,e2)e2=—e1, R(e1,e2)e3 = 0, 
R(ey,e3)e1 = e€3, R(e1,e3)e2 = 0, Rie, €3)e3 = —e1, (5.46) 


R(eo,e3)e1 = 0, Riles, e3)e2 = es, R(e2, e3)e3 = —e2. 
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Again using and (5.45), we obtain 


Veer = (8+ 1ea, Ve,e2 = —(8 + lei + a€s, 

Ve1€3 = -—aeo, Vel = 0, Vex€2 = 0, 

Ve€3 = 0, Vex€1 = ae, (5.47) 
Vese2 = —(8+1)e3—0€1, Ve,e3 = (8 + ler. 


Considering |5.42), we can see that Ve,é = 0, (1 <i <3), for € = e2 anda =0, B = -1. 
Hence M is a trans-Sasakian 3-manifold of type (0,—1) with respect to the Schouten-van 
Kampen connection. Thus from (5.47), we get 


R(e1,e2)e. = (1+a?—- Bes, R(e1, €2)eg = —(1 + a? — Bex, 


Re, €2)e3 = 0, R(e1, €3)e1 = (1 _ a? ~~ B’ Jes, 


R(ei1,e3)eg = O, R(e1, e3)e3 = (-1 — a* + B")e, (5.48) 
R(ea, €3)e1 = 0, Res, e€3)e€2 = (1 + a? — B* Jes, 
R(eg,e3)e3 = (—l+a? +B’ )Jeo. 


Now using (5.49), we see that the non-zero components of the Ricci tensor Ric with respect 


to the Schouten-van Kampen connection as follows: 
Ric(e1,e1) = -2+ 267, Ric(e2,e2) = —2-— 2074267, Ric(e3,e3) = —2 + 28”. 
For any U,V € x(M), we write 


U = aye, + ageg + ages, 


V = dyeq + boeg + b3e3. 
Thus we have 


(Leg)(X,Y) + 28(X,Y) + 20g(X,Y) + 2un(X)n(¥) = (-2+ 26? + d)arbr 


+(-2 — 2a? + 267 +5 + p)agbe 


+(—2 + 27 + d)a3b3. 


If 6 =2— 26? and tp = 2a”, then M admits an n-Ricci soliton (€,6,,g) with respect to the 


Schouten-van Kampen connection. 
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Finally we study Yamabe solitons on a trans-Sasakian 3-manifold with respect to the 
Schouten-van Kampen connection. Assume that (M, X,6,g) is a Yamabe soliton on a trans- 
Sasakian 3-manifold with respect to the Schouten-van Kampen connection. From (1.3), we 


can write 
5(ixa)U,V) =F -8)g(U,V), (5.49) 
that is, 
5{9(VuX,V) + 9(U, WV X)} = (F —8)g(U,V). (5.50) 


Putting X = € in (5.50), we obtain 7 = 6, which implies that the following: 


Theorem 5.3. The scalar curvature 7 of a trans-Sasakian 3-manifold bearing a Yamabe 


soliton (M,£&,6,g) with respect to the Schouten-van Kampen connection is equal to 6. 
So we give the followings: 


Corollary 5.4. A trans-Sasakian 3-manifold bearing a Yamabe soliton (M,&,6,g) with re- 
spect to the Schouten-van Kampen connection is of constant scalar curvature with respect to 


the Schouten-van Kampen connection. 


Corollary 5.5. If a trans-Sasakian 3-manifold bearing a Yamabe soliton (M,€,6,g) with 
respect to the Schouten-van Kampen connection, then the Riemannian metric g is a Yamabe 


metric. 
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1. INTRODUCTION 


In this field, the notion of almost para-complex structure on a smooth manifold has been 
studied, in the first papers by Libermann, P. [9], Patterson, E. M.[{12] until now, from several 
different points of view. Moreover, the papers related to it have appeared many times in 
a rather disperse way, and a survey of further results on para-complex geometry (including 
para-Kahler geometry) can be found for instance in [5]. Also, other further signifiant 
developments are due in some recent surveys [13], where some aspects concerning the 
geometry of para-complex manifolds are presented on the tangent and cotangent bundles. 
See also [7] {6} (TI) [15} [16]. 

The main idea in this note consists in the modification of the Sasaki metric. First we 
introduce a new metric called y-Sasaki metric on the tangent bundle TM over a para-Kahler- 
Norden manifold (M?™, vy, g). This new metric will lead us to interesting results. Afterward 
we construct almost para-complex Norden structures on tangent bundle equipped with the 
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y-Sasaki metric and investigate necessary and sufficient conditions for these structures to 
become para-Kahler-Norden, quasi-para-Kahler-Norden. Finally we characterize some prop- 
erties of almost para-complex Norden structures in context of almost product Riemannian 


manifolds. 


2. PRELIMINARIES 


Let TM be the tangent bundle over an m-dimensional Riemannian manifold (M™,g) and 


the natural projection 7: TM — M. A local chart (U, 2") on M induces a local chart 


i=Im 
a) ey eae on TM. Let C™~(M) (resp. C~(T'M)) be the ring of real-valued C™ 
functions on M (resp. TM) and S7(M) (resp. S%(2M)) be the module over C*(M) (resp. 
C™(T'M)) of C° tensor fields of type (r,s). 


We have two complementary distributions on T’7M, the vertical distribution V and the 


horizontal distribution H, defined by : 
V(ee,u) = Ker(dt(z,u) ) =a : Fal (x,u) a € R}, 


; 9 ai a) F 
{a Fqilteu) — 4 _ me male (x,u)> @ — R}, 


Hiwu) = 
where (x,u) € TM, such that Ti, )TM = Hou) ® Via,u): 
Let X = X'S 


are defined by 


vector field on MM. The vertical and the horizontal lifts of X 


. Oo 
XY = Me, (1) 
Oy* 
a) . O 
H _ = 
, a 7 or a a er a TH 5y a (2.2) 
For consequences, we have ( ot = oe and ( VY = o then (52 ati a )ictm is a local 


adapted frame on TT'M. 


Lemma 2.1. Let (M,g) be a Riemannian manifold and R its tensor curvature, then for 
all vector fields X,Y € S4(M) we have: 

(1) [X7,Y"]p = [X,Y] — (Ro(X,Y)u)”, 

(2) [X*,Y"]p =(VxY)p, 

(3) [X”,Y"], =0, 


where p = (z,u) € TM. 


An almost product structure y on a manifold M is a (1,1) tensor field on M such that 


y? = idy, » # tidy (idjy is the identity tensor field of type (1,1) on M). The pair (M, y) 


INT. J. MAPS IN MATH. / ON PARA-KAHLER-NORDEN PROPERTIES... 123 


is called an almost product manifold. 

A linear connection V on (M,v) such that Vy = 0 is said to be an almost product connec- 
tion. There exists an almost product connection on every almost product manifold|4]. 

An almost para-complex manifold is an almost product manifold (MW, y), such that the two 
eigenbundles TM* and TM~ associated to the two eigenvalues +1 and —1 of y, respectively, 
have the same rank. Note that the dimension of an almost paracomplex manifold is neces- 
sarily even [3]. 

An almost para-complex Norden manifold (M?", y, g) is a real 2m-dimensional differentiable 
manifold M?” with an almost para-complex structure y and a Riemannian metric g such 


that 
gPX,Y) = g(X,Y), (2.3) 


for all X,Y € S4(M ), in this case g is called a pure metric with respect to y or para-Norden 
metric (B-metric) [13]. 

A para-Kahler-Norden manifold is an almost para-complex Norden manifold (M?”, vy, g) such 
that y is integrable i.e Vy = 0 (B-manifold), where V is the Levi-Civita connection of g 


(13} (16). 


A Tachibana operator $y : 33(M) > 933(M) applied to the pure metric g is given by 


(dp9 (X,¥Y,Z) = (pX)(G(Y,2Z)) + X(9(¢Y, Z)) + 9((Ly¥)X, Z) 


t+9((Lzp)X,Y), (2.4) 


for all X,Y, Z € S§(M) [17], where Ly denotes the Lie differentiation with respect to Y. 
In an almost para-complex Norden manifold, a para-Norden metric g is called para-holomorphic 


if 
(dog) (X, x Z) = 0, (2.5) 


for all X,Y, Z € S$(M) [13]. 

A para-holomorphic Norden manifold is an almost para-complex Norden manifold (M?", y, g) 
such that g is a para-holomorphic i.e d,g = 0. 

In [13], Salimov and his collaborators showed that for an almost para-complex Norden man- 
ifold, the condition ¢,g = 0 is equivalent to Vp = 0. By virtue of this point of view, 
para-holomorphic Norden manifolds are similar to para-Kahler-Norden manifolds (For com- 


plex version see [§}). 
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The purity conditions for a tensor field w € $§(M) with respect to the para-complex structure 
y given by 


w(pX1, Xo,: ae sXe) = w(X1, pXo, x= Aq) = w(X 1, Xa, ae PXa), 


for all X1, Xo,--- ,Xq € S3(M) [I]. 
In [17], an operator dy : S4(M) > git ) joined with y and applied to the pure tensor 
field w, given by 
(Pew) (Y, X1,+++ ,Xq) = (PY )(w(X1,-++ ,Xq)) + Y((EX1,- ++ , Xq)) 
t+w((Lx,9)Y, Aye? , Xq) ar etealr w((X4, roe s (Lx,9)Y), 
for all Y,X1,X,--- ,Xq € S}(M). If dw vanishes, then w is said to be almost para- 
holomorphic. 
It is well known that if (M?”, y, g) is a para-Kahler-Norden manifold, the Riemannian cur- 
vature tensor is pure [13], and 
Vy (92) = eVvyZ, 
R(VY,Z) =R(Y,92) = RY, Z)p = pR(Y, Z), (2.6) 
R(pY,~Z) = RY, Z), 
for all Y, Z € 3$(M). 


Let (M?™, y, g) be a non-integrable almost para-complex Norden manifold, if 


Pace Ae She Z) = 0. 


for all X,Y,Z € S4(M), where o is the cyclic sum by three arguments, then the triple 
(M?™, »,g) is a quasi-para-Kahler-Norden manifold [5} [10]. It is well known that 


ge Hee (2.7) 


which was proven in [14]. 
3. yY-SASAKI METRIC 


Definition 3.1. Let (M?",y,g) be a para-Kahler-Norden manifold. On the tangent bundle 


TM, we define a p-Sasaki metric noted gy by 
(1) AC oars ae Tee = Gu(X, ¥), 
(2) G(X", adler = 0, 


(3) gee" Yeas = Gel, e¥); 
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where X,Y € Sh(M) and (z,u) € TM. 
Lemma 3.1. Let (M?™,,g) be a para-Kahler-Norden manifold, we have the following 

1) X"%¥gj(y",Z"%) = Xoa(Y,Z), 

yp 

(2) MR gAY" 2") = 0, 

(3) X¥g(¥",Z") = go((VxY)",Z") +9(¥", (VxZ)"), 

(4) X"9,(¥",Z"%) = 0, 
for any X,Y,Z € Sk(M), where V denote the Levi-Civita connection of (M?™, yp, g). 

0 

Theorem 3.1. Let (M?™,,g) be a para-Kahler-Norden manifold and (TM, gy) its tangent 


bundle equipped with the p-Sasaki metric. If V (resp Vv) denote the Levi-Civita connection 
of (M,g) (resp (I'M, gy) ), then we have: 


(1) VxH¥ Jeu = (VxY buy — 5(Re(X Yu)”, 
2) Hx” )oouy = (Wx¥ hoy + 5(RelousY)X)", 
8) (Wxv¥" Yew) = 5 (Rolo OY), 

(4) (FxvY” Yeon) = 0, 


for all vector fields X,Y € S}(M) and (a,u) € TM, where R denote the curvature tensor of 


(M?"™, y, g). 


The proof of Theorem follows directly from Kozul formula, Lemma and Lemma 


4. SOME ALMOST PARA-COMPLEX STRUCTURES 
4.1. We Consider the tensor field J, € S}(I'M) by 
JeX# = (px) 
JoXV¥ = (pX)" 
for all X € S}(M). 
Lemma 4.1. Let (M?",,g) be a para-Kahler-Norden manifold and (TM, gy) its tangent 


bundle equipped with the p-Sasaki metric. The couple (I'M, J.) is an almost para-complex 


manifold . 
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Proof. By virtue of (4.8), we have 
TEX = Jg(IgX™) = Io((pX)") = (p(pX))* = (y?X)4 = X", 
IEXY = Jg(IgX") = Jo((PX)") = (p(PX))Y = (Y?X)Y = XY, 
for any X € S4(M), then J. = idrm. 


Let {F\,--- , Em, Em+1,:+: ; Lam} be local frame of eigenvectors on M such that 


ph, = Ey, pEm+i = —Em-+i, for all i= 1,m. 

If Z = ZiEP + ZiEY, then 

JpZ = Zi(pE;)" + Zi(pEi)” = ZiEF + ZREY = Z, 
ie. TPM = Span bl ot: Be RY 2s BV). 


EZS 27" gt Ze) vy then 
JgZ = ZP(pE msi) + 2 (Emi) = —Za ER — ZT" Ens = —2, 


ie. TTM~ = Span(B#,,,---, BF, Evi, ES): 


Theorem 4.1. Let (M?",p,g) be a para-Kdahler-Norden manifold, ([M,g,) its tangent 


bundle equipped with the p-Sasaki metric and the almost para-complex structure J, defined 


by (4.8). The triple (ITM, Jp, gp) is an almost para-complex Norden manifold. 


Proof. For all X,Y € 3)(M), from (4.8) we have 
(i) Gp(TeX*,Y") = gol((pX)",Y") = g(pX,Y) = 9(X, 9Y) 


= Go ey) gg), 


(@) Gadph oY") = gollex) S00 =o." ¥") =o way); 


(it) gp(JoX”,Y") = gol(pX)"”,Y") = G(pX, pY) = 9(X,Y) 
= G(X, y’Y) — ce, (pY)") > G(X", aes 


Since g is pure with respect to y, then g, is pure with respect to Jy. 


Proposition 4.1. Let (M?", p,g) be a para-Kahler-Norden manifold, (TM, gy) its tangent 


bundle equipped with the p-Sasaki metric and the almost para-complex structure J, defined 


by (4.8), then we get 


XH yt ZH 


Se 
LN 
he 
N 
se Ss a, SF 
Tl 
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one 


for all X,Y,Z € Sd(M). 


Proof. We calculate Tachibana operator ¢7, applied to the pure metric gy. This 
operator is characterized by (2.4), from Lemma [3.1] we have 


L(G 7, Ie(X"YN,Z8) = (IgX") gg", Z") — XM Go(Tg¥", Z") 
tp ((LynJo)X™, 2") + 90(¥", Lg lg) X") 
= (pX)"9(¥", 2") — X¥ go((pY)*, 2") 
+99(LynJgX" — Jp(LynX"), 2") 
+9, (¥" , LgnJyX" — Jy(LzuX*)) 
= (pX)g(¥, Z) — Xg(~Y, Z) 
+9e([¥", (pX)"] — Jo[¥", X*], 2”) 
+90(¥",[Z*, (pX)*] — Jo[Z%, X*)) 
= (pX)g9(¥,Z) — Xg9(¢Y, Z) + o([¥, eX] — oY, X], Z) 
+9(Y, [Z, eX] — |Z, X]) 
= (pX)g(¥, Z) — Xg(eY, Z) + g((Ly¢)X, Z) 
+9(Y, (Lzy)X) 
= (¢pg9)(X,Y, Z). 
Since (M?”, y, g) is a para-Kahler-Norden manifold, then (dyqg) (X,Y, Z) = 0. 
2. (by ,9e(XYN, ZB) = (IpX" )go(¥", 2") — XV gyo(Jp¥",Z")) 
+9 ((LynJy)X", 2") + gp(¥", (LzuJy)X") 
= (pX)"go(¥", 2") — XV go((pY)*, 2) 
+90 ([¥", (pX)"] — JY", XY), 2%) 
+90(¥" [Z*, (pX)"] — Jp[Z7, X")) 


= 0. 
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3. (by ,9e(XT YYZ") = (IpX")g(¥V, 2") — XM Ggo(JgY", 2") 
t9¢((LyvJg)X",2") + 9(¥", (Lgu dg) X") 
= 9 (1Y") (ex) )=—d[Y "xX" ),2") 
+90(¥",[2%, (pX)*] — J[Z", X*]) 
= g9(¥", (—R(Z,pX)u)” + (pR(Z,X)u)”) 


= —g(R(Z,eX)u, pY) + g(pR(Z,X)u, yY). 
Since the Riemann curvature R of a para-Kahler-Norden manifold is pure, then 


(O7,90(X" YYZ") = —g(R(Z,X)u,Y) + 9(R(Z,X)w¥) 


= <0: 


4. (by, Ie) XN VY", ZY) = (IoX™ gg", ZY) — X¥ go(Jg¥", Z°) 
+99((Lyn Jy) X",Z") + gp (¥™, (Lgv Jy) X") 
= go([¥", (pX)"] — Jol¥7,X"], 2") 
+90(¥",[Z2", (pX)"] — Jp[Z", X*]) 
= go((—R(Y, pX)u)” + (pR(Y, X)u)”, 2”) 
= —g (RY, pX)u, 2) + g( PRY, X)u, pZ) 
= —g (RY, X)u, Z) + (RY, X)u, Z) 


= 0. 


The other formulas are obtained by a similar calculation. 


Therefore, we have the following result. 


Theorem 4.2. Let (M?",.p,g) be a para-Kahler-Norden manifold, (TM, g,) be its tangent 
bundle equipped with the y-Sasaki metric and the almost para-complex structure J, defined 


by (4.8) then the triple (I'M, Jy, gy) is a para-Kahler-Norden manifold. 


Corollary 4.1. Let (M?™,y,g) be a para-Kéhler-Norden manifold, (TM, gy) be its tangent 
bundle equipped with the p-Sasaki metric and the almost para-complex structure J, defined 


by (4.8), then the triple (TM, Jo, gy) is a quasi-para-Kéhler-Norden manifold. 


INT. J. MAPS IN MATH. / ON PARA-KAHLER-NORDEN PROPERTIES... 129 
4.2. We Consider the tensor field P, € S{(T’M) defined by: 
PAX” ==—(goXx)* 
P,XV = —(px)" 
for all X € $}(M), satisfies the following: 
1. Pe =—ZJe. 
2. J» is pure with respect to Py. 
3. ?P,9¢ = PI Ie- 


Therefore we have the following results. 


Theorem 4.3. Let (M?™, p,g) be a para-Kahler-Norden manifold, (I'M, g,) be its tangent 
bundle equipped with the y-Sasaki metric and the almost para-complex structure P, defined 


by (4.9), then the triple ([M, P,, gy) is a para-Kahler-Norden manifold. 


4.3. We Consider the tensor field Q, € S}(T'M) defined by: 


QpX# = (px) 


Q yx” =(ex)* = 


for all X € 3}(M). 


Lemma 4.2. Let (M?™,,g) be a para-Kahler-Norden manifold and (I'M, g,) its tangent 
bundle equipped with the p-Sasaki metric. The couple ([M,Q,) is an almost para-complex 


manifold . 
Proof. By virtue of (4.10), we have 


QEX™ = Qe(QeX") = Qo((EX)") = (V(pX))7 = (Y?X)¥ = X*, 
QEXY = Og (QpX") = Qp((EX)*) = (y(EX))" = (Y?X)" = XY", 


for any X € 9)(M), then QZ, = idm. 
Let {F\,--- , Em, Em41,°+: ; E2m} be local frame of eigenvectors on M such that 


ph, = E;, pEm+i = —Em+i, for all i = 1,m, then 


TTM* = Span(Ef! + EY, a oe oh + | ae _ By sa; aeons on ~ Edm): 


TIM” = Span(Ef — E{,---, EP - EY, B+ Bhai: Bo, + Em): 
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Theorem 4.4. Let (M?™,y,g) be a para-Kdhler-Norden manifold, (TM, g,) its tangent 
bundle equipped with the p-Sasaki metric and the almost para-complex structure Q, defined 
by (4.10). The y-Sasaki metric is never pure with respect to Qy i.e The triple (TM, Qy, gy) 


is never an almost para-complex Norden manifold. 


4.4. We Consider the tensor field F, € S}(T7M) by 


ce (4.11) 
Bok’ (ok) 


for all X € 3)(M). 


Lemma 4.3. Let (M?™,,9) be a para-Kéhler-Norden manifold and (I'M, gy) its tangent 
bundle equipped with the y-Sasaki metric. The couple (TM, Fy) is an almost para-complex 


manifold . 


Theorem 4.5. Let (M?",,g) be a para-Kéhler-Norden manifold, ([M,g,) its tangent 
bundle equipped with the p-Sasaki metric and the almost para-complex structure F., defined 


by (4.11). The triple (TM, Fy, g,) is an almost para-complez Norden manifold. 
Proof. With the same steps in the proof of Theorem [4.1] we get the results. 


Proposition 4.2. Let (M?',p,g) be a para-Kahler-Norden manifold, (TM, g,) its tangent 


bundle equipped with the y-Sasaki metric and the almost para-complex structure Fy defined 


by (4.11), then we get 


1. (Op,99)(X",¥", 2") =0, 
2 (Op, 9e)(X",¥",Z") =0, 
3. (PF 9p)(X",YV, 2M) = 2g(R(X, Z)Y, u), 
4 (Op,9e)(X",¥™ ZY) = 2g(R(X,Y)Z,u), 
5 (Op, 9e)(X",Y",2") =0, 
6 (O7,9e)(X ye a 
7 (Op,9e)(X",Y",Z") =0, 
8 (op, 9e)(X",Y",Z") =0, 


for all X,Y,Z € S}(M), where R denote the curvature tensor of (M,qg). 


Proof. We calculate Tachibana operator @p, applied to the pure metric gy. With 
the same steps in the proof of Proposition [4.1| we get the results. 
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Theorem 4.6. Let (M?™,,g) be a para-Kahler-Norden manifold, (TM, g,) be its tangent 
bundle equipped with the p-Sasaki metric and the almost para-complex structure F, defined 


by (4.11). The triple (['M, Fy, gy) is a para-Kahler-Norden manifold if and only if M is flat. 


Proof. For all X,Y, Z € S4(M) and h,k,l € {H,V} 


(OR Ee x2) S0. > (R(X, Z)Y,u) =0 
; (R(X, Y)Z, 


R 


g 
g 
= R 


=0. 
Theorem 4.7. Let (M?", p,g) be a para-Kahler-Norden manifold, (IM, g,) be its tangent 


bundle equipped with the p-Sasaki metric and the almost para-complex structure F., defined 
by (4.11). The triple (TM, Fy, gp) is a quasi-para-Kahler-Norden manifold. 
Proof. For all X,Y,Z € S(T), 

oF PL,Ie(X; xs Z) = (d7,9e)(X, hae Z) + (b7,90)(¥, 2; Xx) + (7,90) (4; A; a) 

XYZ 
By virtue of Proposition [4.1] we have 

HyH Hy _ 
Ln Paul OF WANN ZH) = 0, 


V yH cH _ _ 
Pe gp oe OU GON Gk x") = QU, 2G) + 2g A Ge) = 0, 


VyV 7H, _ 
Os peng lee) ph ge ) = 0, 


VyV vV\ _ 
4. ew ieee ae ) = 0, 


then, (I’M, Jy, gy) is a quasi-para-Kahler-Norden manifold. 
4.5. We Consider the tensor field K, € S}(T/M) defined by: 


ee (4.12) 
KgX” ==(@x)y” 


for all X € 3}(M), satisfies the following: 
1. Kp=-—Fop. 
2. gp is pure with respect to Ky. 
3. °K, Ie = — PF Ie- 


Therefore we have the following results. 
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Theorem 4.8. Let (M?™,,g) be a para-Kahler-Norden manifold, (TM, g,) be its tangent 
bundle equipped with the y-Sasaki metric and the almost para-complex structure K, defined 


by (4.12), then we have 


1. The triple (TM, Ky, gy) is is a quasi-para-Kéhler-Norden manifold. 
2. The triple (TM, Ky, 9,) is a para-Kahler-Norden manifold if and only if M is flat. 


4.6. Now consider the almost product structure Ff, defined by (4.11). We define a tensor 
field S of type (1,2) and linear connection V on TM by, 


Sa vy = alae Ro)X + Fo((Vp Fy) X) — Fo((VzFo\¥)). (4.13) 
VeY = VzY-S(X,Y). (4.14) 


for all X ; ee S34(TM), where V is the Levi-Civita connection of (TM, gp) given by Theorem 
V is an almost product connection on TM (see [4] p.151] for more details). 


Lemma 4.4. Let (M?",p,g) be a para-Kéhler-Norden manifold, (TM, g,) be its tangent 
bundle equipped with the p-Sasaki metric and the almost product structure Fy defined by 
(4.11). Then tensor field S is as follows, 


(1) S(X#,¥") = —S(R(X,Y)u)", 
(2) S(X#,¥¥) = S(R(pu, YX), 
(3) S(XV,¥#) = —(R(pu, XY)", 
(4) S(XY,¥Y) =0, 


for all X,Y € Sh(M). 


Proof. (1) Using (4.11) and (4.13), we have 


1 


S10 Gare aa [Vanya Fy) xX" + Fy ((VyrF,)X") — Fy ((VxuF,)Y")| 


2 
eee ao es 
2 [Vey (pX)7 7 Fy(V py)#X") = Fy(Vyx(eX)") 
—VynX" + Fy (Vxn(py)®) + VxnY"] 


= F[(V rex)" — F(RGY, pX)u)” — (eV X)F 


—F(@R(GY, X)u) + (Vv eX)" + 5 (PRY, pX)u)” 
~(V¥ xX)" + S(R(Y, Xu)” — (pV x eV)" 


(pR(X, eY)u)Y + (Wx¥)¥ — SRK Y wy"). 
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Using (2.6) we have 
1 
S(x* YY") = —5(R(XY)u)”. 

(2) By a similar calculation to (1), we have 

S(x,y") [Vay Fy) X" + Fy((Vyv Fy) X") — Fy((VxaF,)Y")] 
[— Vipyyy (X)* — Fy(V yyy X") — Fy (Vyv (pX)*) 
—Vyv x" — Fy, (Vxu(eY)’) + VyeY"] 


(R(pu, pY eX)" + 5(pR(ou,p¥) x)" 


Nl Re 


[= 

aoe V) eX)" — 5(R( yu, ¥)x)" 
—(eV xe)" + 5(PR(ou,pY) x)” 
+(VxY)" + 5(R( pu, VA: 

Using we get 

S(X#,YY) = S(R(pu,¥)X)" 


The other formulas are obtained by a similar calculation. 


Theorem 4.9. Let (M?", p,g) be a para-Kahler-Norden manifold, (IM, g,) be its tangent 
bundle equipped with the p-Sasaki metric and the almost product structure Fi, defined by 
(4.11). Then the almost product connection Vv defined by (4 is as follows, 


(1) VyrY¥"® = (VxY)? 


(2) Vxn¥¥ = (VxY)Y, 
a 3 
(3) Vav¥" = 5(R(eu, X)Y) 
(4) Vav¥Y = 0, 
for all X,Y € S§(M). 
Proof. The proof of Theorem [4.9] follows directly from Theorem [3.1] Lemma|4.4] and 


formula . 


Lemma 4.5. Let (M?",p,g) be a para-Kahler-Norden manifold, (TM, g,) be its tangent 


bundle equipped with the p-Sasaki metric and the almost product structure F, defined by 
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(4.11) and T denote the torsion tensor of Vv, then we have: 


(1) T(X#,Y") = (R(X,Y)u)”, 
(2) T(X7,YY) = —=(R(yu,Y)X)*, 
(3) T(X”,Y") = =(R(pu, X)Y)*, 


(4) TIX”, YY) = 0, 


for all X,Y € S4(M). 


Proof. The proof of Lemma [4.5] follows directly from Lemma [4.4] and formula 


for 


all X,Y € Si(TM). 


From Lemma we obtain 


Theorem 4.10. Let (M?™,y,g) be a para-Kéhler-Norden manifold, (TM, gy) be its tangent 


bundle equipped with the p-Sasaki metric and the almost product structure Fi, defined by 
(4.11), then V is symmetric if and only if M is flat. 
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